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Research Article

3rd International Conference: Constructive Mathematical
Analysis (ICCMA’25)

TUNCER ACAR*
 

 

AND METIN TURGAY
 

 

ABSTRACT. The guest editors provides an overview of the 3rd International Conference: Constructive Mathemat-
ical Analysis (ICCMA 2025), held on 2–5 July 2025 at Selçuk University, Konya, Türkiye, summarizing its objectives,
scope, scientific aims, and the key highlights of the event. The conference brought together researchers and experts
in approximation theory, functional analysis, operator theory, and related fields to exchange ideas, present new re-
sults, and foster collaboration within the constructive mathematics community. The note briefly introduces the papers
included in this special issue of the ALTAY Conference Proceedings in Mathematics, which reflect current advances in
constructive mathematics, approximation theory, nonlinear analysis, and their diverse applications.

1. REPORT ON THE CONFERENCE

The 3rd International Conference: Constructive Mathematical Analysis (ICCMA 2025) was held
on 2–5 July 2025 at Selçuk University, Konya, Türkiye. The event provided a global forum
for researchers, academicians, and young scientists to exchange ideas, present recent findings,
and discuss current challenges in constructive mathematical analysis and its applications. Al-
together, the conference hosted approximately 180 participants representing 31 countries and
included 170 oral and 8 poster presentations.

The scientific program covered a wide range of topics, including approximation theory, func-
tional analysis, sampling-type operators, fixed-point theory, Fourier analysis, fractal calculus,
and mathematical modelling. The plenary lectures were delivered by distinguished speakers
who provided deep insights into current trends in analysis and its interdisciplinary applica-
tions. The plenary speakers were:

i. Prof. Francesco Altomare from University of Bari, Italy
ii. Prof. Erdal Karapnar from Atlm University, Türkiye

iii. Prof. Harun Karslı from Bolu Abant Izzet Baysal University, Türkiye
iv. Prof. Mohammad Sal Moslehian from Ferdowsi University of Mashhad, Iran
v. Prof. Ioan Raa from Technical University of Cluj-Napoca, Romania

vi. Prof. Gianluca Vinti from University of Perugia, Italy
vii. Prof. Xiaoming Wang from Eastern Institute of Technology and Missouri University of

Science and Technology, China and USA
viii. Prof. Ferenc Weisz from Eötvös University, Hungary
Each lecture addressed contemporary problems in mathematics, emphasizing both theoret-

ical advances and practical applications.
The conference was organized in a presence format and featured special sessions on
S1: Positive Approximation Processes and Applications
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S2: Approximation by Sampling type Operators and Applications
S3: Nonlinear Analysis, Fixed Point Theory and Applications
S4: Fourier Analysis and Applications
S5: Fractal Calculus and its Applications
S6: All other topics in mathematics and statistics.

The event was chaired by Prof. Tuncer Acar, with the support of the Organizing and Scientific
Committees. Further details, including the complete program and abstracts, are available on
the official website: https://iccma.selcuk.edu.tr.

2. INTRODUCING THE SPECIAL ISSUE

The papers published in this special issue of the ALTAY Conference Proceedings in Mathemat-
ics originate from the 3rd International Conference: Constructive Mathematical Analysis (ICCMA
2025), held at Selçuk University, Konya, Türkiye. The proceedings aim to ensure the scientific
continuity between the conference presentations and the peer-reviewed literature, providing
an official record of selected contributions reflecting the main themes of the event.

All submissions to this issue were invited from authors who presented their work at ICCMA
2025. Each manuscript underwent a rigorous peer-review process coordinated by the Guest
Editors and the Scientific Committee. Every paper was evaluated by at least two independent
referees for originality, correctness, and alignment with the conference scope. Only those meet-
ing the journals editorial standards and the ethical publication guidelines were accepted after
revision.

The following papers were accepted for publication in this issue:
i. Emília Halušková and Małgorzata Jastrzębska, Mono-unary condition for algebras with

easy direct limits. This paper establishes a structural condition for an algebra A where
every algebra isomorphic to its retract can be obtained as a direct limit, showing that
this holds when A admits a unary term operation acting as an endomorphism, and

https://iccma.selcuk.edu.tr
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highlighting the essential role of bijective mappings and mono-unary algebras in this
framework.

ii. Ferenc Weisz, Lebesgue points and summability of higher dimensional Fourier transforms.
This paper generalizes Lebesgues theorem to higher-dimensional settings and diverse
summability methods within Wiener amalgam spaces.

iii. Harun Karsli, Wavelet-based approximation operators: applications to bivariate functions and
digital image processing. This paper construct and investigate bivariate case of these
operators wavelet based approximation operators and gives applications in image pro-
cessing.

iv. Pathaithep Kumrod and Wutiphol Sintunavarat, On new ϕ-fixed point results involving
discontinuous control functions with the effectively example and its applications. This paper
develops ϕ-fixed point results with discontinuous control functions, offering general-
ized frameworks and applications to integral equations.

v. Barkat Ali Bhayo, Distrotion and quasisymmetric functions in quasiconformal mappings.
This paper studies the applications of special functions and quasisymmetry in qua-
siconformal mappings and estimates the distances between the image points of quasi-
conformal mappings under variousmetrics.

vi. Cristina Maria Păcurar and Mirela Adriana Târnoveanu, Mappings contracting perime-
ters of triangles in perturbed metric spaces. This paper introduces perturbed mappings
contracting perimeters of triangles and proves new fixed point theorems extending
classical results.

vii. Muhammad Abubakar Isah and Ahmad Muhammad, Propagation of solitons and non-
linear behavior in nonlinear power law fibers. This paper analyzes soliton propagation
in nonlinear optical fibers governed by the complex GinzburgLandau equation with
power-law nonlinearity.

viii. Michele Piconi and Gianluca Vinti, Semi-discrete sampling operators acting on function
spaces. This paper provides an overview of semi-discrete Durrmeyer-type sampling
operators, including convergence, rates of approximation, and modular results in Or-
licz spaces.

All these papers have been reviewed according to the standards of the ALTAY Conference
Proceedings in Mathematics, ensuring a high level of scientific rigor and a coherent represen-
tation of the topics covered at ICCMA 2025.

3. ACKNOWLEDGEMENTS

The Guest Editors would like to express their sincere gratitude to the members of the Or-
ganizing and Scientific Committees of ICCMA 2025 for their dedicated efforts in ensuring the
success of the conference and the quality of its scientific program. Special thanks are extended
to all referees and reviewers for their careful evaluations, constructive comments, and valu-
able time, which greatly improved the quality of the papers published in this volume. The
editors also acknowledge the support and professional assistance of the ALTAY editorial staff
throughout the publication process.
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Research Article

Mono-unary condition for algebras with easy direct limits

EMÍLIA HALUŠKOVÁ*
 

 

AND MAŁGORZATA JASTRZĘBSKA
 

 

ABSTRACT. Let A be an algebra such that exactly algebras isomorphic to a retract of A can be constructed from
A by direct limits. One condition which is satisfied for A in the case that A has a unary term operation which is an
endomorphism of A at the same time is presented. A bijective mapping occurs in this condition and mono-unary
algebras are used substantially.

Keywords: Algebra, direct limit, retract, operation, endomorphism.

2020 Mathematics Subject Classification: 08B25, 08A35, 08A40, 08A60, 33E99, 40J99.

1. INTRODUCTION

In this article, we deal with universal algebras and the focus is on the notion of retract and
direct limit construction. We demonstrate how a result for mono-unary algebras is also useful
for algebras of other types, e.g. groups.

The importance of the notion of retract is well known and commonly appreciated in math-
ematics. This notion connects homomorphisms and subalgebras in some sense in universal
algebra. There are many papers dealing with retracts of algebraic structures, see e.g. [8, 9]. The
construction of the direct limit is a well-known method of building new algebras from given
ones, see e.g. [2].

A universal algebra or, briefly, algebra A, is a pair (A,F ), where A is a non-void set and F is
a set of finitary operations on A. The set F is not necessarily finite, and it can be void.

We denote by L−→A the class of all isomorphic copies of direct limits which can be obtained
from the algebra A and we denote by RA the set of all retracts of the algebra A. Obviously, it
is RA ⊆ L−→A. We will say that A is an algebra with easy direct limits if every algebra from L−→A
is isomorphic to a retract of A. If A is finite, then A is an algebra with easy direct limits, cf. [6].
A class of infinite algebras with easy direct limits can be found in [5].

We will prove that if A is an algebra that has a term operation which is an endomorphism
of A at the same time, then a special “diamond” mono-unary algebra can be constructed by
direct limits, see Theorem 3.1. This “diamond” algebra can help to recognize, that A is not with
easy direct limits. We will illustrate it on additive groups of integers and multiplicative group
of rational numbers.

Mono-unary algebras are the most simple types of algebraic structures. They can be repre-
sented by oriented graphs with one outgoing arrow from every vertex. Basic terminology and
some results can be found in monographs [1, 10, 13]. Remark that if the range of a function

Received: 28.08.2025; Accepted: 30.09.2025; Published Online: 22.10.2025
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is a subset of its domain, then this function defines a mono-unary algebra. Mono-unary alge-
bras with easy direct limits were studied in [5]. Among other things, it is proven there that a
mono-unary algebra with easy direct limits

• is countable,
• has the number of retracts never equal to ℵ0.

We study what does it mean that a term operation is an endomorphism in particular alge-
braic structures in the last section of this paper. Specifically, we deal with abelian groups, rings
of characteristic zero with a unit, mono-unary and unary algebras.

2. PRELIMINARIES

Let Z be the set of all integers, N be the set of all positive integers and N0 be the set of all non-
negative integers. Let A,B,C be non-empty sets and g, h be mappings, g : A → B, h : B → C.
We denote by g ◦ h the mapping from A to C such that (g ◦ h)(a) = h(g(a)) for each a ∈ A.
Further, if g : A→ A, then g0 denotes the identity mapping onA and if k ∈ N, then gk = gk−1◦g
by induction.

The notion of direct limit we apply by [2, §21].Let ⟨P,≤⟩ be a directed partially ordered set,
i.e., partially ordered set in which every finite subset has an upper bound. For each p ∈ P , let
Ap = (Ap, F ) be an algebra of some fixed type. Assume that if p, q ∈ P, p ̸= q, thenAp∩Aq = ∅.
Suppose that for each pair of elements p and q in P with p < q, we have a homomorphism φpq
of Ap into Aq such that p < q < s implies that φps = φpq ◦ φqs. For each p ∈ P , suppose that
φpp is the identity on Ap. The family {P,Ap, φpq} is said to be direct.

Assume that p, q ∈ P and x ∈ Ap, y ∈ Aq . Put x ≡ y if there exists s ∈ P with p ≤ s, q ≤ s
such that φps(x) = φqs(y). Obviously, the relation ≡ is an equivalence relation. For each
z ∈

∪
p∈P Ap put z = {t ∈

∪
p∈P Ap : z ≡ t}. Denote A = {z : z ∈

∪
p∈P Ap}.

Let f ∈ F be an n-ary operation. Let xj ∈ Apj , 1 ≤ j ≤ n and let s be an upper bound of pj .
Define f(x1, ..., xn) = f(φp1s(x1), ..., φpns(xn)). Then the algebra A = (A,F ) is said to be the
direct limit of the direct family {P,Ap, φpq}. We express this situation as follows

(2.1) {P,Ap, φpq} −→ A.
Note that in the category theory this construction corresponds to (directed) colimit. Let A =
(A,F ) and B = (B,F ) be algebras. If A is isomorphic to B, then we write A ∼= B. Suppose that
B is a subalgebra of A. Then B is said to be a retract of A if there exists an endomorphism φ of
A such that φ(A) = B and φ(b) = b for every b ∈ B. The mapping φ is called the retraction of
A.

If {P,Ap, φpq} is a family such that Ap
∼= A, then this family is called the A-uniform family.

Every retract of A can be (up to isomorphism) obtained as a limit of an A-uniform direct family,
cf. e.g. [4]. If the direct limit of every A-uniform direct family is isomorphic to a retract of A,
then we say that A is the algebra with easy direct limits.

We denote by L−→A the class of all isomorphic copies of direct limits of A-uniform direct
families. The set of term operations, in short terms, of the algebra A is denoted by T (F ) and it
is the smallest set that

(1) it contains each f ∈ F ,
(2) it contains all coordinate projections pni (a1, ..., an) = ai, where i, n ∈ N, i ≤ n,
(3) is closed under composition, i.e. if h ∈ T (F ) is m-ary operation, m ∈ N, f1, ..., fm ∈

T (F ) are n-ary, n ∈ N0, then the operation g : An → A defined by
g(a1, ...an) = h(f1(a1, ..., an), ..., fm(a1, ..., an)) for each a1, ..., an ∈ A

belongs to T (F ).
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We finish this section with a note that the parentheses for F in (A,F ) will be omitted for several
specific types of algebras, e.g. groups and rings.

3. APPLICATION OF MONO-UNARY ALGEBRAS

Lemma 3.1. Let φ be a homomorphism from an algebra (A,F ) into (A′, F ) and g ∈ T (F ). Then φ is
a homomorphism from the algebra (A, g) into (A′, g).

Proof. Assume that g is n-ary operation, n ∈ N. We need to check that g is compatible with φ
on the set A, i.e.

φ(g(a1, ..., an)) = g(φ(a1), ..., φ(an))

for all a1, ..., an ∈ A. If g ∈ F or g is a projection, then it is obvious.
Suppose that h ∈ T (F ) is m-ary, f1, ..., fm ∈ T (F ) are n-ary, h, f1, ..., fm are compatible with

φ and g(a1, ..., an) = h(f1(a1, ..., an), ..., fm(a1, ..., an)). We obtain

φ(g(a1, ..., an)) = φ(h(f1(a1, ..., an), ..., fm(a1, ..., an)))

= h(φ(f1(a1, ..., an)), ..., φ(fm(a1, ..., an)))

= h(f1(φ(a1), ..., φ(an)), ..., fm(φ(a1), ..., φ(an))

= g(φ(a1), ..., φ(an)).

□

Lemma 3.2. Let D = (D,F ) be an algebra and g ∈ T (F ). Suppose that {P,Ap, φpq} is a direct family
and {P,Ap, φpq} −→ A = (A,F ).

If A is isomorphic to a retract of D, then (A, g) is isomorphic to a retract of (D, g).

Proof. Assume that A is isomorphic to a retract of D. Then there exist
• B ⊆ D and an endomorphism φ of D such that φ(D) = B and φ(b) = b for every b ∈ B,
• an isomorphism ψ from (B,F ) onto A.

The mapping ψ is bijection and in view of the previous lemma ψ is the homomorphism from
(B, g) into (A, g). So, ψ is the isomorphism from (B, g) onto (A, g). Moreover, φ is an endomor-
phism of (D, g). Thus φ is a retraction of (D, g). □

The proof of the following lemma follows from the definition.

Lemma 3.3. Let A = (A,F ) and f be an endomorphism of the algebra A. Suppose that
(1) Ai = {(a, i)|a ∈ A} for each i ∈ N,
(2) g((a1, i), ..., (an, i)) = (g(a1, ..., an), i) for each n-ary operation g ∈ F, i, n ∈ N, a1, ..., an ∈

A,
(3) Ai = (Ai, F ) for each i ∈ N,
(4) φi,j(a, i) = (f j−i(a), j) for all i ≤ j, i, j ∈ N.

Then {N,Ai, φi,j} is A-uniform direct system. If {N,Ai, φi,j} −→ A and A is with easy direct limits,
then A is isomorphic to a retract of A.

The algebra A from the previous lemma is fully described in the case of mono-unary algebras
for f equal to the fundamental operation of this algebra, cf.[5]. We repeat this description after
the short introduction to mono-unary algebras.

Let A ̸= ∅ and h be a unary mapping from A into A. The couple (A, {h}) is called mono-
unary algebra; in simplified way, we write (A, h). Such algebra can be visualised as a directed
graph; the vertices are elements of A and for all a ∈ A there is a directed edge from a to its
image h(a). Note that there is exactly one out-edge at each vertex. The terms of cycle, length
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· · ·

· · ·

FIGURE 1. A mono-unary algebra

· · · -2 -1 0 1 2 · · ·

FIGURE 2. The algebra Z

· · · · · ·

FIGURE 3. A line

of a cycle, cyclic element, connected monounary algebra are intuitively clear from a graph
visualisation. Formal definitions can be found in [1, 9, 13].

Example 3.1. A mono-unary algebra which is not connected is depicted in Figure 1. It consists of 3
(connected) components. Two components have a cycle, one is without a cycle. The component with
1-element cycle is infinite and this component is a mono-unary algebra with infinitely many different
subalgebras.

We denote by Z the mono-unary algebra that is defined on the set of all integer numbers
with the successor function, see Figure 2.

A mono-unary algebra (A, h) is called a line if it is isomorphic to the algebra Z, see Figure 3.
The next assertion is obvious.

Lemma 3.4. Let (A, h) be a mono-unary algebra. Then the following statements are equivalent:
(1) (A, h) is a line,
(2) (A, h) is connected, A is infinite and the operation h is bijective,
(3) (A, h) is connected without a cycle and the operation h is bijective.

Lemma 3.5. Let (A, h) be a connected mono-unary algebra. If (A, h) contains a subalgebra C such that
C is a cycle or C is a line, then C is a retract of (A, h).

Proof. Put φ(c) = c for c ∈ C. Let a ∈ A \ C. Then there is n ∈ N such that hn(a) ∈ C and
hn−1(a) /∈ C. The set C contains exactly one element b such that hn(b) = hn(a). Put φ(a) = b.
We have that φ(A) = C and φ is the retraction. □

Now we come to the essential assignment in this section. Let I be a nonempty set. For each
i ∈ I let (Bi, h) be a mono-unary algebra. We denote by

∑
i∈I(Bi, h) a mono-unary algebra
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· · ·

2k + 1 2(2k + 1) 4(2k + 1) 8(2k + 1)

FIGURE 4. Infinite components of (Z, f), k ∈ Z

which is a disjoint union of algebras (Bi, h), i ∈ I . Let (A, h) =
∑
i∈I(Bi, h) and (Bi, h) be

connected for all i ∈ I . Let i ∈ I . If (Bi, h) contains a cycle of length k for some k ∈ N, then we
denote by (Ci, h) a cycle of length k. Else we denote by (Ci, h) a line. Put

(A, h)⋄ =
∑
i∈I

(Ci, h).

If A = (A, h) and f = h in Lemma 3.3, then (A, h) ∼= (A, h)⋄ according to [3], Lemma 4.

Theorem 3.1. Let A = (A,F ) and f ∈ T (F ) be unary term such that f is an endomorphism of the al-
gebra A. Suppose that {N,Ai, φi,j} is A-uniform direct system from Lemma 3.3 and {N,Ai, φi,j} −→
A = (A,F ). Then (A, f) ∼= (A, f)⋄.

If A is an algebra with easy direct limits, then the mono-unary algebra (A, f)⋄ is isomorphic to a
retract of (A, f).

Proof. Obviously {N, (Ai, f), φi,j} is (A, f)-uniform direct system of mono-unary algebras and
{N, (Ai, f), φi,j} −→ (A, f). In view of Lemma 4 of [3] is (A, f) ∼= (A, f)⋄.

Suppose that A = (A,F ) is an algebra with easy direct limits. Then A is isomorphic to a
retract of A. It yields that (A, f) is isomorphic to a retract of (A, f) according to Lemma 3.2. □

Corollary 3.1. Let A = (A,F ) and f ∈ T (F ) be unary term such that f is an endomorphism of the
algebra A. Then

(1) there exists B = (B,F ) ∈ L−→A such that f is bijective on B,
(2) if A is an algebra with easy direct limits, then there exists B = (B,F ) ∈ RA such that f is

bijective on B.

Example 3.2. The operation f(x) = x+x is a term of {+}, where + is usual binary addition operation.
The additive group of integers (Z,+,−, 0) is commutative and therefore f is an endomorphism of this
group. Let us look at the mono-unary algebra (Z, f). It consists of infinitely many components. One of
them is {0}, others are infinite and isomorphic to each other, see Figure 4. Every infinite component is
generated by an odd number, therefore no subalgebra of (Z, f) contains a line.

The algebra (Z, f)⋄ consists of one 1-element cycle and infinitely many lines according to the def-
inition. Thus (Z, f)⋄ is not isomorphic to a retract of (Z, f). Theorem 3.1 implies that the group
(Z,+,−, 0) is not an algebra with easy direct limits.

Example 3.3. The operation g(x) = x · x is a term of {·}, where · is usual binary multiplication
operation.

The multiplicative monoid of real numbers (R, ·, 1) is commutative and therefore g is an endomor-
phism of this group at the same time. The mono-unary algebra (R, g) consists of uncountable many
components. Finite ones are {0} and {−1, 1}, others are mutually isomorphic, see Figure 5. Every infi-
nite component contains one line as its subalgebra. The algebra (R, g)⋄ consists of two 1-element cycles
and lines. (Note that it is isomorphic to (R+

0 , g), where R+
0 is the set of all non-negative real numbers.)

Thus (R, g)⋄ is isomorphic to a retract of (R, g) according to Lemma 3.5. Therefore Theorem 3.1 does
not give the answer whether (R, ·, 1) is the algebra with easy direct limits.
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· · · · · ·
√
3 3 32 34 38

−
√
3 −3 −32 −34

FIGURE 5. The component of (R, g) which contains the number 3

· · ·

3 32 34 38

−3 −32 −34

FIGURE 6. The component of (Q, g) which contains the number 3

Consider the monoid (Q, ·, 1). The mono-unary algebra (Q, g) consists of infinitely many components
too. Infinite ones are isomorphic to each other, see Figure 6. There is no line as a subalgebra. The algebra
(Q, g)⋄ is not isomorphic to a retract of (Q, g). (In fact, the (Q \ {0}, g)⋄ is isomorphic to the algebra
(Z, f)⋄ from the previous example.) Therefore (Q, ·, 1) is not the algebra with easy direct limits according
to Theorem 3.1.

4. UNARY TERMS WHICH ARE ENDOMORPHISMS

Let A = (A,F ) be an algebra. The identity mapping is a term operation, since it is a projec-
tion. It is an endomorphism of A at the same time. If φ,ψ ∈ T (F ) are endomorphisms of A,
then obviously φ ◦ ψ ∈ T (F ) and φ ◦ ψ is an endomorphism of A. We will see that

• all unary term operations are endomorphisms of A in the case of abelian groups and
mono-unary algebras;

• the identity mapping is the only term operation that is an endomorphism of A in the
case of rings of characteristic zero with 1;

• unary term operations which are endomorphisms of A are closely linked to the struc-
ture of A in the case of unary algebras.

Proposition 4.1. Let (G,+,−, 0) be an abelian group. Then every unary term is an endomorphism of
(G,+,−, 0).

Proof. Every unary term of an additive group has a form f(x) = kx, for some k ∈ Z. Therefore
f(0) = 0 for 0 ∈ G, Assume that g1, g2 ∈ G. Then

f(−g1) = k(−g1) = −(kg1) = −f(g1)
according to group properties. Further,

f(g1 + g2) = k(g1 + g2) = kg1 + kg2
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since (G,+,−, 0) is abelian. □
Proposition 4.2. Let (R,+,−, ·, 0, 1) be a ring of characteristic zero with 1. Then a unary term is an
endomorphism of (R,+,−, , ·, 0, 1) if and only if it is the identity operation.

Proof. It is obvious that every unary term of a ring has a form

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0,

where ai ∈ Z, i ∈ {1, . . . , n}. Every ring with characteristic zero contains a subalgebra which
is isomorphic to the ring of integers (Z,+, ·,−, 0, 1). Without loss of generality suppose that
Z ⊆ R.

Assume that f is an endomorphism of (R,+, ·,−, 0, 1). Hence f is an endomorphism of the
group (R,+,−, 0) and f(1) = 1. Thus f(m) = m is valid for every m ∈ Z. Therefore a0 = 0.

We obtained

a0 = f(0) = 0,

an + an−1 + . . .+ a1 = f(1) = 1,

an2
n + an−12

n−1 + . . .+ a12 = f(2) = 2,

...

ann
n + an−1nn−1 + . . .+ a1n = f(n) = n.

Dividing k−th equation by k for each k ∈ {1, . . . , n}, we obtain a system of linear equations:

(4.2)


an + an−1 + . . . + a2 + a1 = 1

an2
n−1 + an−12

n−2 + . . . + a22 + a1 = 1
...

ann
n−1 + an−1n

n−2 + . . . + a2n + a1 = 1

.

The coefficient matrix has the form:
1 1 . . . 1 1

2n−1 2n−2 . . . 2 1
...

nn−1 nn−2 . . . n 1

 .
This is a Vandermond matrix with non-zero determinant, which implies that the system of
linear equations (4.2) has exactly one solution. Hence,

a1 = 1, a2 = . . . = an = 0

is the only solution. This completes the proof. □
Proposition 4.3. Let (A, h) be a mono-unary algebra. Then every unary term is an endomorphism of
(A, h).

Proof. Let g be a unary term over F . Then g = hk for some k ∈ N0. Assume that a ∈ A. We
have

g(h(a)) = hk(h(a)) = hk+1(a) = h(hk(a)) = h(g(a)).

□
Next example demonstrates that there are algebras which have a unary term that is not an

endomorphism and at the same time they have at least two unary terms that are endomor-
phisms.
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a b c

d(A, h1)

a b c

d(A, h2)

a b c

d(A, h3)

a b c

d(A, h4)

FIGURE 7. Mono-unary algebras from Example 4.4

Example 4.4. Let A = {a, b, c, d} and unary operations h1 − h4 on A are given by Table 1.

h1 h2 h3 h4
a b d a d
b c d b d
c c d c d
d d d c c

TABLE 1. Operations h1 − h4

Consider unary algebra A = (A, {h1, h2, h3, h4}). We name three unary terms different from the
identity that are endomorphisms of A and three unary terms that are not endomorphisms of A. The
term h1 is an endomorphism of A, since it is an endomorphism of mono-unary algebras (A, hi) for i =
1, 2, 3, 4; algebras (A, hi) are in Figure 7. The term h21 is an endomorphism of A since the composition of
endomorphisms is an endomorphism. Note that for k ∈ N, k > 2 is hk1 = h21 on A. Further, it is easy to
check that h24 is an endomorphism of (A, hi) for i = 1, 2, 3, 4 and therefore this term is an endomorphism
of A. Terms h2, h3, h4 are not endomorphisms of A.

The following assertion characterizes all unary algebras which have the property that all
unary terms are endomorphisms at the same time. It follows from definitions.

Proposition 4.4. Let A = (A,F ) be a unary algebra. Then φ : A→ A is an endomorphism of A if and
only if it is an endomorphism of the mono-unary algebra (A, h) for each h ∈ F . Further, the following
properties are equivalent:

(1) every unary term of A is an endomorphism of A,
(2) if h ∈ F , then h is an endomorphism of A.

The last statement helps recognise unary algebras which have a constant term operation that
is an endomorphism at the same time.

Proposition 4.5. Let (A,F ) be a unary algebra and F = {hi, i ∈ I}, where hi is a unary operation for
each i ∈ I .
Suppose that g ∈ T (F ) is unary and a⋆ ∈ A are such that

(1) hi(a⋆) = a⋆ for each i ∈ I ,
(2) there exists k ∈ N such that gk(a) = a⋆ for each a ∈ A.
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Then gk ∈ T (F ) and gk is an endomorphism of (A,F ).

Proof. The condition (2) says that the mapping gk is constant on A. We have

gk(hi(a)) = a⋆ = hi(a
⋆) = hi(g

k(a)).

□
Example 4.5. Consider the unary algebra (A, {h1, h3, h24}), where A, h1, h3, h4 are from the previous
example. We denote by g the constant operation equal to c. Then g = h3 ◦ h24 ∈ T ({h1, h3, h24}). If we
put a⋆ = c and k = 1, then suppositions of Proposition 4.5 are valid. Thus g is an endomorphism of
(A, {h1, h3, h24}).
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1. INTRODUCTION

The classical theorem of Lebesgue [21] says that the Fejér means [11] of a one-dimensional
integrable function f converge almost everywhere to f . More exactly,

lim
T→∞

1

T

∫ T

0

stf(x) dt = f(x)

at each Lebesgue point of f , thus almost everywhere, where stf denotes the tth Dirichlet in-
tegral of the one-dimensional function f . In this survey paper, we generalize this theorem for
higher dimensional functions and for more general summability methods. We give five differ-
ent types of summability methods and five generalizations. All the five summability methods
are investigated exhaustively in the literature.

A general method of summation, the so called θ-summation method, which is generated
by a single function θ and which includes the well known Fejér, Riesz, Weierstrass, Abel, etc.
summability methods, is studied intensively in the literature (see e.g. Butzer and Nessel [6],
Trigub and Belinsky [2, 33, 34], Liflyand [23], Gát [12, 13, 14], Goginava [15, 16, 17], Simon [29],
Persson, Tephnadze and Wall [27] and Weisz [35, 44]). Lebesgue points of multi-dimensional
functions are investigated in Belinsky, Liflyand and Trigub [3, 1] and in Feichtinger and Weisz
[9, 10].

For higher dimensional functions the θ-summability can be defined by

σq,θT f(x) :=
1

(2π)d/2

∫
Rd
θ

(
‖t‖q
T

)
f̂(t)eıx·t dt (x ∈ Rd, T > 0)
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or by

σθT f(x) :=
1

(2π)d/2

∫
Rd

d∏
j=1

θj

(
|tj |
Tj

)
f̂(t)eıx·t dt (x ∈ Rd, T ∈ Rd+).

The special cases q = 1, 2,∞ are investigated exhaustively in the literature. In particular, the
case q = 2 in Stein and Weiss [31], Davis and Chang [8] and Grafakos [18], the case q = 1 in
Berens [4, 5], Szili and Vértesi [32] and the case q = ∞ in Marcinkiewicz [24], Zhizhiashvili [45]
and Weisz [35, 44]. The second type of summation was considered e.g. in Zygmund [46], Gát
[12] and Weisz [35, 44].

In this paper, we introduce a different concept of Lebesgue points and a different Hardy-
Littlewood maximal function for each summability just mentioned. We generalize Lebesgue’s
theorem for these new Lebesgue points and for the different summability methods and for
higher dimensional functions from the Wiener amalgam space W (L1, ℓ∞)(Rd) ⊃ L1(Rd). All
the results of this paper hold e.g. for the Weierstrass, Abel, Picard, Bessel, Fejér, de La Vallée-
Poussin, Rogosinski and Riesz summations. This paper was the base of my talk given at the
3rd International Conference: Constructive Mathematical Analysis, July, 2025 in Konya (Türkiye).

2. THE ONE-DIMENSIONAL θ-SUMMABILITY AND LEBESGUE’S THEOREM

For a fixed d ∈ N, d ≥ 2, we equip the space Lp(Rd) with the norm

‖f‖p :=


(∫

Rd |f |
p dλ

)1/p
, 0 < p <∞;

supRd |f |, p = ∞.

The Fourier transform of a one-dimensional function f ∈ L1(R) is given by

f̂(x) =
1√
2π

∫
R
f(t)e−ıxt dt (x ∈ R),

where ı =
√
−1. If f ∈ Lp(R) for some 1 ≤ p ≤ 2 and f ∈ L1(R), then the Fourier inversion

formula holds:

(2.1) f(x) =
1√
2π

∫
R
f̂(t)eıxt dt (x ∈ R).

The integrability condition of f̂ is a very strong condition. Without this condition, we may
consider the Dirichlet integral sT f :

sT f(x) :=
1√
2π

∫ T

−T
f̂(t)eıxt dt,

which is well defined. It is known that for f ∈ Lp(R), 1 < p <∞,

lim
T→∞

sT f = f in the Lp(R)-norm and a.e.

The norm convergence is due to Riesz [28] and the almost everywhere convergence is the fa-
mous theorem due to Carleson and Hunt (see Carleson [7] and Hunt [19] or recently Grafakos
[18]).

This convergence does not hold for p = 1. However, using a summability method, we can
generalize these results. The most known summability method is the Fejér method. The Fejér
means are defined by

σT f(x) :=
1√
2π

∫ T

−T

(
1− |t|

T

)
f̂(t)eıxt dt =

1

T

∫ T

0

stf(x) dt.
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We generalize this summation and introduce a very general summability method, the so called
θ-summation defined by a function θ : R+ → R satisfying θ(0) = 1. This summation contains
all well known summability methods, such as the well known Weierstrass, Abel, Picard, Bessel,
Fejér, de La Vallée-Poussin, Rogosinski and Riesz summations. Similarly to the Fejér means, in
the Fourier inversion formula (2.1), we multiply the integrand by a suitable function θ . More
precisely, let

(2.2) σθT f(x) :=
1√
2π

∫
R
θ

(
|t|
T

)
f̂(t)eıxt dt.

It is easy to see that we get back the Fejér means if θ(t) = max((1 − |t|), 0). This definition can
easily be extended to all f ∈W (L1, ℓ∞)(R).

It is know that the Fejér means converge to f as T → ∞ when f ∈ L1(R). However, we
can characterize the set of convergence as follows. The Hardy-Littlewood maximal function is
defined by

Mf(x) := sup
h>0

1

2h

∫ h

−h
|f(x− t)| dt

and the following result holds (see e.g. Stein [30]):

Theorem 2.1. If f ∈ L1(R), then

sup
ρ>0

ρλ(Mf > ρ) ≤ C‖f‖1.

Moreover, if 1 < p ≤ ∞ and f ∈ Lp(R), then

‖Mf‖p ≤ Cp ‖f‖p .

The weak type inequality of the theorem implies the next result due to Lebesgue.

Corollary 2.1. If f ∈ L1(R), then

lim
h→0

1

2h

∫ h

−h
f(x− t) dt = f(x) a.e. x ∈ R.

This convergence is equivalent to the next two convergences:

lim
h→0

1

2h

∫ h

−h
f(x− t)− f(x) dt = 0 a.e.

and

lim
h→0

1

2h

∣∣∣∣∣
∫ h

−h
f(x− t)− f(x) dt

∣∣∣∣∣ = 0 a.e. .

If we can go with the absolute value inside the integral, then we say that x is a Lebesgue point
of f . More exactly, a point x ∈ R is called a Lebesgue point of f ∈ L1(R) if

lim
h→0

1

2h

∫ h

−h
|f(x− t)− f(x)| dt = 0.

We can see, that the Lebesgue points are depending only on f and if f is continuous at x, then
x is a Lebesgue point of f . All our generalizations will have these properties.

Theorem 2.2. Almost every point x ∈ R is a Lebesgue point of f ∈ L1(R).

The next well known theorem was proved by Lebesgue [21] in 1905 (see also [11]).
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Theorem 2.3. For all Lebesgue points of f ∈ L1(R),

lim
T→∞

σT f(x) = f(x).

In what follows, we will generalize this theorem for multi-dimensional functions and for the
general θ-summability method.

3. THE MULTI-DIMENSIONAL θ-SUMMABILITY

Let us turn to the higher dimensional functions. For t, x ∈ Rd, let

t · x :=

d∑
k=1

tkxk, ‖x‖q :=


(∑d

k=1 |xk|q
)1/q

, 0 < q <∞;

supi=1,...,d |xi|, q = ∞.

The Fourier transform of a higher dimensional function f ∈ L1(Rd) is given by

f̂(x) =
1

(2π)d/2

∫
Rd
f(t)e−ıx·t dt (x ∈ Rd).

The inversion formula (2.1) holds in this case, too.
The first question is, how can we generalize the definition (2.2) for higher dimensional func-

tions? There are some generalizations, which are investigated exhaustively in the literature.
In the first natural generalization, instead of |t| we write the q-norm ‖t‖q of the d-dimensional
vector t = (t1, . . . , td) and the function θ remains a one-dimensional function. These means are
called ℓq-θ-means. More exactly, suppose that θ : R+ → R satisfying

(3.3) θ ∈ C0(R+), θ(‖ · ‖q) ∈ L1(Rd), θ(0) = 1.

Here C0(R+) denotes the set of continuous functions vanishing at infinity. The T th ℓq-θ-mean
of the function f ∈ Lp(Rd) (1 ≤ p ≤ 2) is defined by

σq,θT f(x) :=
1

(2π)d/2

∫
Rd
θ

(
‖t‖q
T

)
f̂(t)eıx·t dt (x ∈ Rd, T > 0).

Note that the integral is well defined and T is a positive real number. Usually three subcases are
investigated in the literature: the ℓq-θ-means are called triangular if q = 1, circular if q = 2 and
cubic if q = ∞ (see Figure 1). The cubic summability (when q = ∞) is also called Marcinkiewicz
summability.

In the other natural generalization, instead of the function θ, we use d one-dimensional
functions θ1, . . . , θd. The T th rectangular θ-mean of the function f ∈ Lp(Rd) (1 ≤ p ≤ 2) is
given by

σθT f(x) :=
1

(2π)d/2

∫
Rd

d∏
j=1

θj

(
|tj |
Tj

)
f̂(t)eıx·t dt (x ∈ Rd, T ∈ Rd+).

In this case, we will always assume that

(3.4) θ = θ1 ⊗ · · · ⊗ θd, θj ∈ L1(R+) ∩ C0(R+) and θj(0) = 1

for all j = 1, . . . , d. In this definition, T = (T1, . . . , Td) ∈ Rd+ is a vector. Two subcases of this
summability will be investigated, the restricted (when T ∈ Rd+ is in a cone) and the unrestricted
(when T ∈ Rd+) summability. For each of the five generalizations, we need a new concept of
Lebesgue points. The proofs are strongly different for different cases.
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FIGURE 1. Regions of the ℓq-partial sums for d = 2.

4. NORM CONVERGENCE OF THE HIGHER DIMENSIONAL SUMMABILITY MEANS

In this section, we deal with the norm convergence of the ℓq-summability means and the
rectangular means. First, we introduce the next function space. A Banach space B consisting
of Lebesgue measurable functions on Rd is called a homogeneous Banach space if

(a) for all f ∈ B and x ∈ Rd, Txf ∈ B and ‖Txf‖B ∼ ‖f‖B ,
(b) the function x 7→ Txf from Rd to B is continuous for all f ∈ B,
(c) the functions in B are uniformly locally integrable, i.e., for every compact set K ⊂

Rd there exists a constant CK such that∫
K

|f | dλ ≤ CK‖f‖B (f ∈ B).

Note that if B is a homogeneous Banach space on R, then

B ⊂W (L1, ℓ∞)(R)

(see Katznelson [20]). It is easy to see that the spacesC0(Rd),Lp(Rd),W (Lp, ℓq)(Rd),W (Lp, c0)(Rd),
W (C, ℓq)(Rd), WI(Lp, c0)(Rd) (1 ≤ p, q <∞) and Lorentz spaces Lp,q(Rd) (1 < p <∞, 1 ≤ q <
∞) are all homogeneous Banach spaces. Note that the definition of Wiener amalgam spaces can
be found in Section 5. Moreover, the space Cu(Rd) of uniformly continuous bounded functions
endowed with the supremum norm is also a homogeneous Banach space.

4.1. Norm convergence of the ℓq-summability means. For an integrable function f ,

σq,θT f(x) =

∫
Rd
f(x− t)Kq,θ

T (t) dt = f ∗Kq,θ
T (x) (x ∈ Rd, T > 0),

where the T th ℓq-θ-kernel is given by

Kq,θ
T (x) :=

1

(2π)d

∫
Rd
θ

(
‖t‖q
T

)
eıx·t dt =

1

(2π)d/2
T dθ̂0(Tx).

This definition can easily be extended to all f ∈W (L1, ℓ∞)(Rd).
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For q = 2, we suppose in addition to (3.3) that

(4.5) θ̂0 ∈ L1(Rd),

where θ0(x) := θ(‖x‖q). Since this condition is hard to check for q = 1 and q = ∞, we use
another concept in this case. Namely, we suppose that θ is continuous on R+, the support of θ
is [0, c] for some 0 < c ≤ ∞ and θ is differentiable on (0, c). Suppose further that

(4.6) θ(0) = 1,

∫ ∞

0

max{t, 1}d|θ′(t)| dt <∞, lim
t→∞

tdθ(t) = 0

and assume that

(4.7)
∣∣∣∣∫ ∞

0

θ′(t) t soc (tu) dt

∣∣∣∣ ≤ Cu−α

for all u > 0 and for some 0 < α <∞, where

soc t :=

{
cos t, if d is even;
sin t, if d is odd.

We can show that (4.6) implies that θ(‖ · ‖q) ∈ L1(Rd) for q = 1 and q = ∞.
The next two theorems were proved in Berens, Li and Xu [4], Oswald [26] and Weisz [38, 36,

37]. Moreover, Li and Xu [22] investigated these theorem for Jacobi polynomials.

Theorem 4.4. Under the conditions (3.3) and (4.5) with q = 2 or (4.6) and (4.7) with q = 1,∞, we
have ∫

Rd

∣∣∣Kq,θ
T (x)

∣∣∣ dx ≤ C (T > 0).

Theorem 4.5. Assume that B is a homogeneous Banach space on Rd. Under the conditions of Theorem
4.4, ∥∥∥σq,θT f

∥∥∥
B
≤ C ‖f‖B (T > 0)

and
lim
n→∞

σq,θT f = f in the B-norm for all f ∈ B.

Since Cu(Rd) is a homogeneous Banach space, we obtain:

Corollary 4.2. If f is a uniformly continuous and bounded function, then, under the conditions of
Theorem 4.4,

lim
T→∞

σq,θT f = f uniformly.

4.2. Norm convergence of the rectangular summability means. For an integrable function f ,
the rectangular means can be written in the form

σθT f(x) =

∫
Rd
f(x− t)Kθ

T (t) dt = f ∗Kθ
T (x) (x ∈ Rd, T ∈ Rd+),

where the T th rectangular θ-kernel is given by

Kθ
T (x) :=

1

(2π)d

∫
Rd

d∏
j=1

θj

(
|tj |
Tj

)
eıx·t dt =

1

(2π)d/2

d∏
j=1

Tj θ̂j(Tjxj).

If θ̂j ∈ L1(R) (j = 1, . . . , d), then we can extend the definition of the rectangular θ-means to all
f ∈W (L1, ℓ∞)(Rd).
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Theorem 4.6. Assume that B is a homogeneous Banach space on Rd. If θj satisfies (3.4) and θ̂j ∈
L1(R) for all j = 1, . . . , d, then∥∥σθT f∥∥B ≤ C ‖f‖B

(
f ∈ B, T ∈ Rd+

)
and

lim
T→∞

σθT f = f in the B-norm for all f ∈ B.

As a consequence, we obtain:

Corollary 4.3. If f is a uniformly continuous and bounded function, θj satisfies (3.4) and θ̂j ∈ L1(R)
for all j = 1, . . . , d, then

lim
T→∞

σθT f = f uniformly.

5. ALMOST EVERYWHERE CONVERGENCE OF THE HIGHER DIMENSIONAL SUMMABILITY
MEANS

As mentioned earlier, we will consider three subcases of the ℓ0-summability, q = 2, q = ∞
and q = 1. Moreover, we also study two subcases of the rectangular summability, the restricted
and the unrestricted summability. We will introduce for each case a new Hardy-Littlewood
maximal function and a new type of Lebesgue points.

First, we generalize the Lp(Rd) spaces and introduce new function spaces. A measurable
function f belongs to the Wiener amalgam space W (Lp, ℓq)(Rd) (1 ≤ p ≤ ∞) if

‖f‖W (Lp,ℓq) :=

∑
k∈Zd

‖f(·+ k)‖q
Lp[0,1)d

1/q

<∞

if 1 ≤ q <∞ and

‖f‖W (Lp,ℓ∞) :=

(
sup

ni∈Z,i=1,...,d

∫ n1+1

n1

· · ·
∫ nd+1

nd

|f(x)|p dx

)1/p

if q = ∞. It is easy to see that W (Lp, ℓp)(Rd) = Lp(Rd) and

W (L∞, ℓ1)(Rd) ⊂ Lp(Rd) ⊂W (L1, ℓ∞)(Rd) (1 ≤ p ≤ ∞).

We modify slightly the definition of W (Lp, ℓ∞)(Rd). If we change the integrals and the supre-
mums in this expression, then we obtain the definition of the iterated Wiener amalgam spaces.
In other words, a function f is in the iterated Wiener amalgam spacesWI(Lp, ℓ∞)(Rd) (1 ≤ p ≤
∞) if

‖f‖WI(Lp,ℓ∞) := sup
(i1,...,id)

(
sup
ni1∈Z

∫ ni1+1

ni1

· · · sup
nid∈Z

∫ nid+1

nid

|f(x)|p dxid · · · dxi1

)1/p

is finite. If we replace |f(x)|p by |f(x)|p(log+ |f(x)|)k in the previous integral, then we get
the definition of WI(Lp(logL)

k, ℓ∞)(Rd) (k ∈ N). Moreover, f is in the set Lp(logL)k(Rd)
(1 ≤ p <∞) if

‖f‖Lp(logL)k :=

(∫
Rd

|f |p(log+ |f |)k dλ
)1/p

<∞,

where log+ u := max(0, log u). It is easy to see that

W (Lp, ℓ∞)(Rd) ⊃WI(Lp(logL)
k, ℓ∞)(Rd) ⊃ Lp(logL)

k(Rd), Lr(Rd)
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for all 1 ≤ p < r ≤ ∞. Note that the space WI(Lp(logL)
k, ℓ∞)(Rd) does not contain Lp(Rd).

5.1. Circular summability. For the circular summability, we need a new function space, the so
called Herz space. We denote by B(c, h) (c ∈ Rd, h > 0) the ball {x ∈ Rd : ‖x − c‖2 < h}. Let
the dyadic coronas be defined by

Qk := B(0, 2k) \B(0, 2k−1) (k > 0), Q0 := B(0, 1).

The Herz space Eq(Rd) contains all measurable functions f for which

‖f‖Eq :=
∞∑
k=0

2dk(1−1/q) ‖f1Qk‖q <∞.

Then obviously

L1(Rd) = E1(Rd) ⊃ Eq(Rd) ⊃ Eq′(Rd) ⊃ E∞(Rd), 1 < q < q′ <∞.

Now we introduce a straightforward generalization of the Hardy-Littlewood maximal func-
tion by integrating on cubes:

Mpf(x) := sup
h>0

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
|f(x− t)|p dt

)1/p

.

A similar result holds as in the one-dimensional case (see e.g. Stein [30] and Weisz [41]).

Theorem 5.7. For 1 ≤ p <∞,

sup
ρ>0

ρλ(Mpf > ρ)1/p ≤ C‖f‖p (f ∈ Lp(Rd)),

‖Mpf‖r ≤ Cr‖f‖r (f ∈ Lr(Rd), p < r ≤ ∞)

and

‖Mpf‖W (Lp,∞,ℓ∞) ≤ C‖f‖W (Lp,ℓ∞) (f ∈W (Lp, ℓ∞)(Rd)),

‖Mpf‖W (Lr,ℓ∞) ≤ Cr‖f‖W (Lr,ℓ∞) (f ∈W (Lr, ℓ∞)(Rd), p < r ≤ ∞).

The third inequality of the theorem implies:

Corollary 5.4. If f ∈W (L1, ℓ∞)(Rd), then

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
f(x− t) dt = f(x) a.e. x ∈ Rd.

In other words,

lim
h→0

1

(2h)d

∫ h

−h
· · ·
∫ h

−h
f(x− t)− f(x) dt = 0 a.e. x ∈ Rd.

A point x ∈ Rd is called a p-Lebesgue point of f (1 ≤ p <∞) if

lim
h→0

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
|f(x− t)− f(x)|p dt

)1/p

= 0.

We can check easily that all r-Lebesgue points are p-Lebesgue points, whenever p < r. The
definition of a p-Lebesgue point is depending only on f and every continuity point is a p-
Lebesgue point. The following theorem can be found in Butzer and Nessel [6], Stein and Weiss
[31] or Feichtinger and Weisz [9, 10].
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Theorem 5.8. Almost every point x ∈ Rd is a p-Lebesgue point of f ∈W (Lp, ℓ∞)(Rd) if 1 ≤ p <∞.

Recall that Lp(Rd) ⊂ W (Lp, ℓ∞)(Rd). The first generalization of Lebesgue’s theorem reads
as follows.

Theorem 5.9. Let θ0 ∈ L1(Rd), 1 ≤ p <∞ and 1/p+ 1/q = 1. If θ̂0 ∈ Eq(Rd), then

lim
T→∞

σ2,θ
T f(x) = f(x)

for all p-Lebesgue points of f ∈W (Lp, ℓ∞)(Rd).
The theorem is due to Feichtinger and Weisz [10]. Originally, it was proved for Riesz sum-

mation, for p = 1 and for integrable functions without using the Herz spaces in Stein and Weiss
[31] or Butzer and Nessel [6]. We proved in [10] that the converse of the theorem holds also.

Theorem 5.10. Suppose that θ0 ∈ L1(Rd), θ̂0 ∈ L1(Rd), 1 ≤ p <∞ and 1/p+ 1/q = 1. If

lim
T→∞

σ2,θ
T f(x) = f(x)

for all p-Lebesgue points of f ∈ Lp(Rd), then θ̂0 ∈ Eq(Rd).
5.2. Unrestricted rectangular summability. Here we study another Hardy-Littlewood maxi-
mal function where we integrate on rectangles and not on cubes as before. The strong Hardy-
Littlewood maximal function is defined by

Ms,pf(x) := sup
h1,...,hd>0

(
1

2dh1 · · ·hd

∫ h1

−h1

· · ·
∫ hd

−hd
|f(x− t)|p dt

)1/p

.

The next theorem was proved by the author [41].

Theorem 5.11. Assume that 1 ≤ p < ∞ and I = I1 × · · · × Id with |I1| = · · · = |Id| = 1. If
f ∈ Lp(logL)

d−1(Rd), then

sup
ρ>0

ρλ(x :Ms,pf(x) > ρ, x ∈ I)1/p ≤ Cp + Cp ‖f‖Lp(logL)d−1 .

For p < r ≤ ∞,
‖Ms,pf‖r ≤ Cr ‖f‖r (f ∈ Lr(Rd)).

If f ∈WI(Lp(logL)
d−1, ℓ∞)(Rd), then

‖Ms,pf‖W (Lp,∞,ℓ∞) ≤ Cp + Cp ‖f‖WI(Lp(logL)d−1,ℓ∞)

and, for p < r ≤ ∞,

‖Ms,pf‖W (Lr,ℓ∞) ≤ Cr ‖f‖WI(Lr,ℓ∞) (f ∈WI(Lr, ℓ∞)(Rd)).

Corollary 5.5. If f ∈WI(L1(logL)
d−1, ℓ∞)(Rd), then

lim
h→0

1∏d
j=1(2hj)

∫ h1

−h1

. . .

∫ hd

−hd
f(x− t) dt = f(x) a.e. x ∈ Rd.

A point x ∈ Td is called a strong p-Lebesgue point of f (1 ≤ p <∞) if

lim
h→0

(
1

2dh1 · · ·hd

∫ h1

−h1

· · ·
∫ hd

−hd
|f(x− t)− f(x)|p dt

)1/p

= 0.

Here h → 0 means that hi → 0 for all i = 1, . . . , d. Again, every continuity point is a strong
p-Lebesgue point.

The following two theorems are due to the author [39].
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Theorem 5.12. For 1 ≤ p < ∞, almost every point x ∈ Rd is a strong p-Lebesgue point of f ∈
WI(Lp(logL)

d−1, ℓ∞)(Rd).

Recall that θ = θ1 ⊗ · · · ⊗ θd satisfies (3.4). It is easy to see that θ̂ ∈ Eq(Rd) if and only if
θ̂j ∈ Eq(R) for all j = 1, . . . , d.

Theorem 5.13. Let θ ∈ L1(Rd), 1 ≤ p <∞, 1/p+ 1/q = 1 and θ̂ ∈ Eq(Rd). If f ∈
WI(Lp(logL)

d−1, ℓ∞)(Rd), x is a strong p-Lebesgue point of f and Ms,pf(x) is finite, then

lim
T→∞

σθT f(x) = f(x).

Obviously, the convergence holds almost everywhere. Here T → ∞ means again that Tj →
∞ for all j = 1, . . . , d. The iterated Wiener amalgam space WI(Lp(logL)

d−1, ℓ∞)(Rd) is the
largest function space for which these two theorems hold, even if we consider only almost
everywhere convergence. So they are not true either for W (Lp, ℓ∞)(Rd) or for Lp(Rd) (see Gát
[12]). Now we formulate the converse of the preceding theorem.

Theorem 5.14. Suppose that θ ∈ L1(Rd), θ̂ ∈ L1(Rd), 1 ≤ p <∞ and 1/p+ 1/q = 1. If

lim
T→∞

σθT f(x) = f(x)

for all strong p-Lebesgue points of f ∈ Lp(Rd), then θ̂ ∈ Eq(Rd).

5.3. Restricted rectangular summability. The third generalization is almost the same as the
second one, the difference is that we assume here that T is in a cone (see Figure 2). For a given
τ ≥ 1, we define a cone by

Rdτ := {x ∈ Rd+ : τ−1 ≤ xi/xj ≤ τ, i, j = 1, . . . , d}.
The choice ω = 1 obviously yields the diagonal.

FIGURE 2. The cone for d = 2.

Instead of the Herz spaces we use here a weighted version of these spaces. The weighted
Herz space Eωq (R) (ω ≥ 0) contains all measurable functions f for which

‖f‖Eωq :=

∞∑
k=0

2k(ω+1−1/q) ‖f1Qk‖q <∞.
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Obviously,
Eq(R) = E0

q (R) ⊃ Eωq (R) 0 ≤ ω <∞
and

L1(R) ⊃ Eω1 (R) ⊃ Eωq (R) ⊃ Eωq′(R) ⊃ Eω∞(R), 1 < q < q′ <∞.

Here, we cannot use the maximal functions introduced earlier, so we have to introduce a
third generalization of the maximal function. For ω > 0 and 1 ≤ p <∞, the Hardy-Littlewood
maximal function Mω,1

p f is given by

Mω,1
p f(x) := sup

i∈Nd,h>0

2−ω∥i∥1

(
1

(2h)d2∥i∥1

∫ 2i1h

−2i1h

· · ·
∫ 2idh

−2idh

|f(x− t)|p dt

)1/p

.

If ω = 0, we get back the definition of the strong Hardy-Littlewood maximal function Ms,pf .
In contrary to the strong maximal function, due to the weight 2−ω∥i∥1 , the weak type (p, p)
inequality will be true for Mω,1

p (see Weisz [41]).

Theorem 5.15. For 1 ≤ p <∞ and ω > 0,

sup
ρ>0

ρλ(Mω,1
p f > ρ)1/p ≤ C‖f‖p (f ∈ Lp(Rd)),

∥∥Mω,1
p f

∥∥
r
≤ Cr‖f‖r (f ∈ Lr(Rd), p < r ≤ ∞)

and ∥∥Mω,1
p f

∥∥
W (Lp,∞,ℓ∞)

≤ C‖f‖W (Lp,ℓ∞) (f ∈W (Lp, ℓ∞)(Rd)),∥∥Mω,1
p f

∥∥
W (Lr,ℓ∞)

≤ Cr‖f‖W (Lr,ℓ∞) (f ∈W (Lr, ℓ∞)(Rd), p < r ≤ ∞).

Note that the definitions of the p-Lebesgue points and strong p-Lebesgue points can be
rewritten as

lim
r→0

sup
0<h<r

(
1

(2h)d

∫ h

−h
· · ·
∫ h

−h
|f(x− t)− f(x)|p dt

)1/p

= 0

and

lim
r→0

sup
0<hj<r,j=1,...,d

(
1∏d

j=1(2hj)

∫ h1

−h1

· · ·
∫ hd

−hd
|f(x− t)− f(x)|p dt

)1/p

= 0,

respectively. Similarly to this definition, we introduce a new type of Lebesgue points. For
1 ≤ p <∞ and ω > 0, a point x ∈ Rd is called a (p, ω)-Lebesgue point of f if

lim
r→0

sup
i∈Nd,h>0,2ikh<r,k=1,...d

2−ω∥i∥1

(
1

(2h)d2∥i∥1

∫ 2i1h

−2i1h

· · ·
∫ 2idh

−2idh

|f(x− t)− f(x)|p dt

)1/p

= 0.

If ω = 0, then the (p, 0)-Lebesgue points are the same as the strong p-Lebesgue points. If f
is continuous at x, then x is a (p, ω)-Lebesgue point of f for all 1 ≤ p < ∞ and ω > 0. The
next two theorems are due to the author [42]. A first version of Theorem 5.17 was shown by
Marcinkiewicz and Zygmund [25] in 1939. Later Gát [12] and the author [35, 44] proved the
almost everywhere convergence.

Theorem 5.16. For 1 ≤ p < ∞, almost every point x ∈ Rd is a (p, ω)-Lebesgue point of f ∈
W (Lp, ℓ∞)(Rd).



Lebesgue points and summability of higher dimensional Fourier transforms 21

Theorem 5.17. Let θi ∈ L1(R), 1 ≤ p < ∞, 1/p + 1/q = 1, ω > 0 and θ̂i ∈ Eωq (R) (i = 1, . . . , d).
If f ∈W (Lp, ℓ∞)(Rd), x is a (p, ω)-Lebesgue point of f and Mω,1

p f(x) is finite, then

lim
T→∞,T∈Rdτ

σθT f(x) = f(x).

Of course, the convergence holds almost everywhere.

5.4. Cubic summability. In the fourth generalization, when q = ∞, we do not use Herz spaces.
Instead, we will use conditions (4.6) and (4.7).

To introduce the next Hardy-Littlewood maximal function, let us denote by P2i1h,...,2idh a
parallelepiped, whose center is the origin and whose sides are parallel to the axes and/or to
the diagonals and whose kth side length is 2ik+1h if the kth side is parallel to an axis and√
22ik+1h if the kth side is parallel to a diagonal (i ∈ Nd, h > 0, k = 1, . . . , d). More exactly, at

least one side of P2i1h,...,2idh is parallel to one of the axes and the other sides are parallel to the
axes and/or to the diagonals.

For ω > 0 and 1 ≤ p <∞, the Hardy-Littlewood maximal function Mω
p f is given by

Mω
p f(x) := sup

P
2i1h,...,2idh

,i∈Nd,h>0

2−ω∥i∥1

(
1∣∣P2i1h,...,2idh

∣∣ ∫
P

2i1h,...,2idh

|f(x− t)|p dt

)1/p

,

where the supremum is taken over all parallelepipeds P2i1h,...,2idh (i ∈ Nd, h > 0) just defined.
If we take the supremum only over all rectangles with sides parallel to the axes, we get back
the definition of the maximal operator Mω,1

p f . 5.15 remains true for the maximal operator Mω
p

if 1 ≤ p <∞ and ω > 0.
For 1 ≤ p <∞ and ω > 0, a point x ∈ Rd is called a strong (p, ω)-Lebesgue point of f if

lim
r→0

sup
P

2i1h,...,2idh
,i∈Nd,h>0

2ikh<r,k=1,...d

2−ω∥i∥1

(
1∣∣P2i1h,...,2idh

∣∣
)1/p(∫

P
2i1h,...,2idh

|f(x− t)− f(x)|p dt

)1/p

= 0.

The next theorems of this subsection were proved in [40].

Theorem 5.18. Almost every point x ∈ Rd is a strong (p, ω)-Lebesgue point of f ∈ W (Lp, ℓ∞)(Rd)
if 1 ≤ p <∞.

If p > 1 and f ∈ W (Lp, ℓ∞)(Rd), then we do not need the concept of strong (p, ω)-Lebesgue
points just introduced, it is enough to consider (p, ω)-Lebesgue points.

Theorem 5.19. Suppose that 1 < p < ∞ and the conditions (4.6) and (4.7) are satisfied. If f ∈
W (Lp, ℓ∞)(Rd), x is a (p, ω)-Lebesgue point of f and Mω,1

p f(x) is finite, then

lim
T→∞

σ∞,θ
T f(x) = f(x).

This result does not hold for p = 1. In this case, we need the concept of strong (p, ω)-
Lebesgue points.

Theorem 5.20. Suppose that the conditions (4.6) and (4.7) are satisfied. If f ∈W (L1, ℓ∞)(Rd), x is a
strong (1, ω)-Lebesgue point of f and Mω

1 f(x) is finite, then

lim
T→∞

σ∞,θ
T f(x) = f(x).

Using the theorems of this section, we have given simple proofs for the classical strong
summability results in [40].
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5.5. Triangular summability. The convergence results are similar to those for cubic summa-
bility and are proved in [43]. We use the same Hardy-Littlewood maximal function and the
same type of Lebesgue points as in Subsection 5.4.

Theorem 5.21. Suppose that 1 < p < ∞ and the conditions (4.6) and (4.7) are satisfied. If f ∈
W (Lp, ℓ∞)(Rd), x is a (p, ω)-Lebesgue point of f and Mω,1

p f(x) is finite, then

lim
T→∞

σ1,θ
T f(x) = f(x).

Theorem 5.22. Suppose that the conditions (4.6) and (4.7) are satisfied. If f ∈W (L1, ℓ∞)(Rd), x is a
strong (1, ω)-Lebesgue point of f and Mω

1 f(x) is finite, then

lim
T→∞

σ1,θ
T f(x) = f(x).
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ABSTRACT. This work is a continuation of the author’s very recent studies on the newly introduced wavelet based
approximation operators, especially Bernstein operators [14]. The main goal of the present study is to construct and
investigate bivariate case of these operators. In accordance with this purpose, we introduce two dimensional wavelet
type Bernstein operators via wavelets and examine some characteristic properties together with their approximation
results. Moreover, we give some application to bivariate functions and digital image processing.
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1. INTRODUCTION

The efficient extraction of information from limited data has long been a central theme in
mathematics and signal analysis. A classical illustrative example is provided by a well-known
riddle from the old Turkish tradition. Let us start by telling a very beautiful, funny and clever
story from the old times, that is, the time of the sultans.

A sultan commands each of his ten goldsmiths to forge ten golden balls, each expected
to weigh exactly one kilogram. However, it is revealed that one of the goldsmiths has used
inferior material, producing balls that are lighter by exactly 0.1 kilograms each. The challenge
is to determine, using only a single measurement on a precision scale, which goldsmith is
dishonest.

The solution proceeds by a weighted sampling strategy: one ball is taken from the first gold-
smith, two from the second, and so on, until ten are taken from the tenth. If all the balls were
genuine, the total mass should be exactly 55 kilograms. Any deviation from this expected value
identifies the fraudulent goldsmith, since the deficit in weight is proportional to the number
of balls sampled from the guilty party. For example, an observed deficit of 0.3 kilograms indi-
cates the third goldsmith as the source of the anomaly. Thus, with a single carefully constructed
measurement, maximal information is obtained.

This problem serves as a compelling analogy for wavelet theory. Much like the sultan’s
strategy, wavelet analysis is designed to uncover hidden structure in signals through efficient
representation. A wavelet transform decomposes a signal into a hierarchy of subspaces at mul-
tiple resolutions, enabling both localization and sparsity in representation. This multiresolu-
tion framework allows significant features–such as singularities, discontinuities, or oscillatory
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components—to be identified using relatively few coefficients, in contrast to traditional Fourier
methods that distribute information across a global basis.

Just as we distinguish the fake goldsmith by a clever sampling strategy, wavelets distin-
guish hidden patterns in signals by analyzing them at multiple resolutions using very few
coefficients.

Sultan′s Problem Wavelet Analysis
One measurement identifies anomaly One transform reveals key features

Strategy uses weighted sample F ilter banks and scaling functions
F ind anomaly Detect feature
Efficient logic Sparse encoding via MRA

The underlying principle common to both is that of information economy: the ability to reveal
essential structure with minimal data. In modern applications, this philosophy is embodied
in wavelet methods for data compression, denoising, and numerical analysis of differential
equations (see Daubechies 1992 [12]; Mallat 1999 [27]). Just as the sultan’s single weighing
uncovers the truth with optimal efficiency, a properly designed wavelet transform extracts the
most relevant signal characteristics while discarding redundancies. A single, well-designed
measurement is often sufficient to reveal underlying structures that are otherwise hidden. This
principle holds true across contexts, whether in the allegorical setting of a sultan’s court or in
the modern analysis of digital signals. Mathematics, through its capacity for abstraction and
generalization, consistently serves as a tool for uncovering fundamental truths across different
eras and cultures.

The theory of wavelet-based operators plays a fundamental role in signal analysis and has
significant applications in digital image processing. In classical Fourier analysis, signals are ex-
amined in the frequency domain by transforming them from the time domain. However, this
transformation often results in the loss of time-related information, making the analysis of non-
stationary signals particularly challenging. To address this limitation, various methods have
been developed one of the most prominent being wavelet analysis, originally introduced by
Alfred Haar. Wavelets provide a powerful tool for decomposing signals into components that
are localized in both time and frequency, allowing for more precise analysis of complex signals.
This talk will focus especially on recent applications of wavelet methods to two-dimensional
functions and image reconstruction. We will also explore how operators defined using specific
types of wavelets serve as natural extensions of classical operators and their Kantorovich-type
modifications. Notably, the wavelet-based operators and the associated algorithms presented
here can be seamlessly applied to real-world problems traditionally handled by Kantorovich
operators, thereby enhancing both the theoretical framework and practical effectiveness of sig-
nal and image processing techniques.

Wavelet expansion, or reconstruction of signals via wavelets, allows for more accurate local
identification and separation of signal features. A wavelet expansion coefficient represents a
component that is itself local and easier to interpret. Wavelets can allow overlapping compo-
nents of a signal to be separated in both time and frequency. Some detailed informations and
advantages of the wavelets can be found in [8], [11] and [12].

In addition, we will see that the results obtained for operators defined using some special
cases of wavelets represent a natural extension to the classical Bernstein operators and their
Kantorovich-type modifications. It is also worth noting that the operators discussed here are
closely related to hybrid type operators and quasi interpolation operators (see [3], [4] and [24]).
Please also see the very recent studies of the author’s on wavelet type Bezier operators, due to
the advantage of the wavelet functions, which give some extensions of the previous results in
the literature ([15] and [16]).
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Based on the idea developed in [2], [13] and [14]-[22], the central issue of this paper is
to extend the theory of interpolation to functionals and operators by introducing the two
dimensional Bernstein operators WBn−1,m−1 by using the compactly supported Daubechies
wavelets. Afterwards, we investigate the convergence problem for these operators.

It is well-known that, for a function defined on the interval [0, 1], the Bernstein operators
(Bnf) , n ≥ 1, are defined by

(1.1) (Bnf) (x) =

n∑
k=0

f

(
k

n

)
pn,k(x) , n ≥ 1,

where pn,k(x) =
(
n
k

)
xk(1− x)n−k is the well-known Binomial distribution and called Bernstein

basis (0 ≤ x ≤ 1) [5]. As usual, let B[a, b] and C[a, b] be function spaces of real valued bounded
and continuous functions defined on [a, b] endowed their usual norms, respectively.

We will denote by L∞(R) the space of all the essentially bounded functions f : R → R
endowed with the usual ess-sup-norm. Let also Lp[a, b](1 ≤ p < ∞) be the space of Lebesgue
measurable functions defined on [a, b] with the usual p−norm.

To obtain some positive approximation results for functions in Lp[0, 1](1 ≤ p < ∞), Kan-
torovich and Durrmeyer type versions of the classical Bernstein operators (1.1) were consid-
ered. For detailed approaches to this operator see the fundamental book of G.G. Lorentz [26].

Very recently, as an extension and generalization of the classical Bernstein operators, Karsli
introduced in [14] the following wavelet based Bernstein operators WBn : B[0, 1] → C[0, 1],
f →WBnf, which are given by

(WBnf)(t) := n

n∑
k=0

pn,k(t)

1∫
0

f (x)w(nx− k)dx(1.2)

=

n∑
k=0

pn,k(t)

λ∫
0

f

(
x+ k

n

)
w(x)dx,

with t ∈ [0, 1], specifying that supp(w) ⊆ [0, λ], 0 < λ ≤ 1.
The author proved in [14] that the sequence (WBnf) converges pointwise and uniformly to

f on [0, 1], and estimated the rate of these convergence results using the modulus of continuity,
second order modulus of smoothness and Peetre’s K-functionals. The author also obtained
some convergence results in Lp spaces via these operators.

In his Ph.D. thesis [6] written under the direction of G.G. Lorentz and afterwards in the pa-
per [7], the famous German mathematician P.L. Butzer considered two dimensional Bernstein
polynomials on the square □ := {(x, y) : 0 ≤ x, y ≤ 1} as follows:

Bn,m(f ;x, y) =

n∑
k=0

m∑
j=0

f

(
k

n
,
j

m

)
pn,k (x) pm,j (y) ,

where pn,k(t) =
(
n
k

)
tk(1− t)n−k.

In the present study, we will reconstruct bivariate Bernstein operators, where location and
time are very important and effective, with the help of wavelet expansions. Moreover, we will
examine and analyse various properties of the wavelet based extension of the operators. After-
wards, we will provide some examples both on the convergence of functions of two variables
and on image processing applications.
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2. PRELIMINARIES AND AUXILIARY RESULTS

Let us consider two orthogonal functions: the scaling function (or father wavelet) ϕ(t) and
the wavelet function (or mother wavelet) ψ(t). By scaling and translation of these two orthog-
onal functions we obtain a complete basis set. These functions have the following important
properties;

∞∫
−∞

ϕ(t)dt = 1,

∞∫
−∞

ψ(t)dt = 0,

ϕ, ψ ∈ L2(R), and orthogonal (see [11, 12]). In general, the wavelets refer to the set of family of
orthonormal functions of the form

(2.3) ψa,b(t) =
1√
a
ψ

(
t− b

a

)
, a > 0, b ∈ R,

where ψ is the basic (mother) wavelet. The simplest wavelet is known as the Haar wavelet
given by:

ψ(x) =

 1 , 0 ≤ x < 1
2

−1 , 1
2 ≤ x < 1

0 , e.w.

with the corresponding scaling function (father wavelet)

ϕ(t) =

{
1 , 0 ≤ x < 1
0 , e.w.

.

Haar wavelets constitutes an orthonormal system for the space of square-integrable functions
on the real line.

We now consider a special orthonormal bases, called wavelets. There is a scaling function
(father wavelet) ϕ(t) with {ϕ(t− n)} are orthogonal and the mother wavelet ψ(t) based on the
father wavelet ϕ(t) gives rise to the orthonormal basis

(2.4) ψj,k(t) := 2j/2ψ(2jt− k)

of L2(R). Moreover, a multiresolution analysis (MRA) is a sequence (V j)j∈Z of closed sub-
spaces of L2(R), whose elements are scaling functions (father wavelets).

It is well-known that, each f ∈ L2(R) has the following representation

f(x) =
∑
j∈Z

∑
k∈Z

bj,kψj,k(x),

called wavelet expansion and bj,k are wavelet coefficients given by

bj,k = ⟨f(x), ψj,k(x)⟩ = 2j/2
∫
R

f(x)ψ(2jx− k)dx

(see [2, 13, 23, 25] and [28]).
Let us assume that father wavelets w ∈ L∞(R) satisfies:
w1) There is a real constant 0 < λ ≤ 1 such that supp w ⊂ [0, λ],
w2) ∫

R

w(x)dx = 1,
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w3) The first N moments satisfy

mw
j (w) :=

∫
R

xjw(x)dx = 0, j = 1, ..., N.

Obviously, the absolute moments of the father wavelet w

Mw
j (w) :=

∫
R

|x|j |w(x)| dx < +∞

for every j ∈ N0 := {0} ∪ N.
Wavelets that meet the above conditions are called compactly supported Daubechies wavelets.

Daubechies wavelets have strong relations with the properties of continuity and differentiabil-
ity. They are supported with [0, 2N − 1], in addition there exists a constant r > 0 such that
for N ≥ 2, w ∈ CrN (R) and have a given number of vanishing moments. When N = 1, then
the first Daubechies wavelet ψ will be the classical Haar basis. As N increases, the regularity
of the wavelet increases (see [11, 12]). This means that if we want to use Daubechies wavelets
to reconstruct a function, it is more convenient to choose or construct wavelets based on the
continuity or differentiability properties of the given function.

Owing to the above definitions, first of all we introduce the bivariate case of the wavelet
type Bernstein operators WBn. We denote

(2.5)
∼
f (z, y) :=

{
f(z, y), (z, y) ∈ [0, 1]2

0, e.w.
.

LetB
(
[0, 1]2

)
=
{
f : [0, 1]2 → R

∣∣f be bounded on [0, 1]2
}
. The norm onB

(
[0, 1]2

)
is given by

∥f∥2 := sup
(x,t)∈[0,1]2

|f(x, t)| .

Definition 2.1. Let f ∈ B
(
[0, 1]2

)
, and let w ∈ L∞(R) be a father wavelet satisfying (w1), (w2) and

(w3). Then the bivariate wavelet type Bernstein operators are defined by:

(WBn−1,m−1f)(x, t) = nm

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

1∫
0

1∫
0

f (z, y)w(mz − j)w(ny − k)dzdy

= nm

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

∫
R

∫
R

∼
f (z, y)w(mz − j)w(ny − k)dzdy,(2.6)

where the function
∼
f being defined in (2.5), with t, x ∈ [0, 1], specifying that supp(w) ⊆ [0, λ], 0 <

λ ≤ 1.

Remark 2.1. If we choose the father wavelet w as the Haar scaling function, namely w(·) = χ[0,1](·),
then clearly our wavelet type operators reduce to the Kantorovich form of the Bernstein operators. Indeed:

(WBn−1,m−1f)(x, t) = nm

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

1∫
0

1∫
0

f (z, y)w(mz − j)w(ny − k)dzdy

= nm

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

k+1
n∫
k
n

j+1
m∫
j
m

f (z, y) dzdy = (Kn,mf)(x, t).
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This shows that the bivariate wavelet Bernstein operators (2.6) are a natural extension of the
bivariate Bernstein-Kantorovich operators.

3. FUNDAMENTAL PROPERTIES

The following approximate results for the wavelet type Bernstein operators need to be re-
membered for dealing with application and reconstruction of functions. In particular, the fol-
lowing convergence theorem applies when continuous signals (functions) are considered.

Throughout, we denote the monomials by

(3.7) es,l := es,l(z, y) =

{
zsyl, (z, y) ∈ [0, 1]2

0 , e.w.

for s, l = 0, 1, 2, . . .. We have the followings.

Theorem 3.1. Let w ∈ L∞(R) be a father wavelet satisfies w1, w2 and w3. Then the moments of bi-
variate wavelet Bernstein operators, constructed by using the compactly supported Daubechies wavelets
(2.6) and the Bernstein operators (1.1) are the same, namely

(WBn−1,m−1es,0)(x, t) = (Bm−1es,0)(x)

(WBn−1,m−1e0,l)(x, t) = (Bn−1e0,l)(t)

(WBn−1,m−1 (e0,l + es,0))(x, t) = (Bn−1e0,l)(t) + (Bm−1es,0)(x),

hold true.

Proof. In view of the definition of the operator (2.6), we have

(WBn−1,m−1es,0)(x, t)

=nm

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

1∫
0

1∫
0

zsw(mz − j)w(ny − k)dzdy

=n

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

∫
R

∫
R

(
u+ j

m

)s
w(u)w(ny − k)dudy

=
n

ms

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

∫
R

∫
R

(u+ j)
s
w(u)w(ny − k)dudy

=
n

ms

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

∫
R

∫
R

[
s∑
i=0

(
s
i

)
uijs−i

]
w(u)w(ny − k)dudy.

In view of w3, one has for i ̸= 0

∫
R

[
s∑
i=0

(
s
i

)
uijs−i

]
w(u)du = 0
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and for i = 0 and from w2 we get

(WBn−1,m−1es,0)(x, t) =
n

ms

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

∫
R

∫
R

jsw(u)w(ny − k)dudy

=
n

ms

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

∫
R

∫
R

jsw(u)w(ny − k)dudy

=

m−1∑
j=0

js

ms
pm−1,j(x)

= (Bm−1es,0)(x) = xs.

The proof of the remain parts are similar, so we omit. □

Remark 3.2. Moreover, the central moments of the bivariate wavelet type Bernstein operators (2.6) are
the same as of the classical Bernstein operators (1.2). Indeed, as in the previous Theorem 3.1, we get

(WBn−1,m−1 (e1,0 − x)
β
)(x, t)

=nm

n−1∑
k=0

m−1∑
j=0

pn−1,k(t)pm−1,j(x)

1∫
0

1∫
0

(z − x)
β
w(mz − j)w(ny − k)dzdy

=m

m−1∑
j=0

pm−1,j(x)

∫
R

(z − x)
β
w(mz − j)dz

=

m−1∑
j=0

pm−1,j(x)

∫
R

(
u+ j

m
− x

)β
w(u)du

=
1

mβ

m−1∑
j=0

pm−1,j(x)

∫
R

(u+ j −mx)
β
w(u)du

=
1

mβ

m−1∑
j=0

pm−1,j(x)

∫
R

[
β∑
i=0

(
β
i

)
ui (j −mx)

β−i

]
w(u)du.

Again by the properties of the compactly supported Daubechies wavelets, namely w2 and w3, we get

(WBn−1,m−1 (e1,0 − x)
β
)(x, t) =

1

mβ

m−1∑
j=0

pm−1,j(x) (j −mx)
β

= (Bm−1 (e1,0 − x)
β
)(x).

Similarly one has

(WBn−1,m−1 (e0,1 − t)
l
)(x, t) =

1

nl

n−1∑
k=0

pn−1,k(x) (k − nt)
l

= (Bn−1 (e0,1 − t)
l
)(t).

Throughout this work, as in the case of the Bernstein operators, we assume that, the first
two central moments of the Bernstein operators, constructed by using the compactly supported
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Daubechies wavelets (2.6) satisfy

ml=0
0 := (WBn−1,m−1 (e0,1 − t)

0
)(x, t) = 1,

ms=0
0 := (WBn−1,m−1 (e1,0 − x)

0
)(x, t) = 1,

ml=1
1 := (WBn−1,m−1 (e0,1 − t)

1
)(x, t) = 0,(3.8)

ms=1
1 := (WBn−1,m−1 (e1,0 − x)

1
)(x, t) = 0,

ml=2
1 := (WBn−1,m−1 (e0,1 − t)

2
)(x, t) =

t(1− t)

n

ms=2
1 := (WBn−1,m−1 (e1,0 − x)

2
)(x, t) =

x(1− x)

m

and

ml=2
1 =

t(1− t)

n
≤ 1

4n
(3.9)

ms=2
1 =

x(1− x)

m
≤ 1

4m

for every t, x ∈ [0, 1].
It is also well-known that for each i ∈ N0 there is a constant Ai only depending upon s or l

such that

0 ≤ ml=2i
1 ≤ Ai

ni
<∞,

0 ≤ ms=2i
1 ≤ Ai

mi
<∞

hold (page 15 eq (6) Lorentz [26], see also [1]).
Moreover, for every t ∈ [0, 1] and for some β > 0, the discrete absolute moments of order β

satisfy

(3.10) (Bn |x− t|β)(t) ≤ 2Γ

(
β

2
+ 1

)
1

nβ/2
<∞,

where Γ(•) stands for the Gamma function (see [1]).

4. CONVERGENCE PROPERTIES

We now introduce some notations and structural hypotheses, which will be fundamental in
proving our convergence theorems. This section also provides the main approximation results
of the paper.

To address this task, it is necessary to recall the notions of the modulus of continuities of a
given bivariate functions.

Definition 4.2. Let f ∈ C
(
[a, b]

2
)

and δ > 0 be given. Then the complete modulus of continuity is
given by;

ω (δ) = sup√
(u1−u2)

2+(v1−v2)2≤δ
|f(u1, v1)− f(u2, v2)| .

Further on, the first and second partial modulus of continuity are given by

ω1(δ1, 0) = sup
|u1−u2|≤δ1

|f(u1, v1)− f(u2, v1)| ,

ω2(0, η) = sup
|v1−v2|≤η

|f(u1, v1)− f(u1, v2)| .
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Definition 2. Recall that the function ω (f ; δ) has the following well-known properties;

(i) Let λ ∈ R+, then ω (f ;λδ) ≤ (λ+ 1)ω (f ; δ) ,
(ii) lim

δ→0+
ω (f ; δ) = 0,

(iii) |f(u1, v1)− f(u2, v2)| ≤ ω (δ)

(
1 +

√
(u1−u2)

2+(v1−v2)2
δ

)
.

Note that the same properties also hold for partial moduli of continuity.
We are now ready to establish one of the first main results of this study, which gives a

strong relation between Bernstein operators (1.2) and our new operators (2.6) constructed via
wavelets. We have the following result.

Theorem 4.2. Let f ∈ B
(
[0, 1]2

)
be a measurable function and let ψ ∈ L∞(R) be a father wavelet

satisfies w1, w2 and w3. Then

lim
(n,m)→∞

(WBn−1,m−1f)(x0, t0) = f(x0, t0)

holds true at each point (x0, t0) of continuity of f .

Proof. In view of the definition of the operator (2.6), one has

(WBn−1,m−1f)(x0, t0)− f(x0, t0)

=nm

n−1∑
k=0

m−1∑
j=0

pn−1,k(t0)pm−1,j(x0)

1∫
0

1∫
0

f (z, y)w(mz − j)w(ny − k)dzdy − f(x0, t0).

By Theorem 3.1, we know that

(WBn−1,m−11)(x, t) = 1,

and hence, we can write

|(WBn−1,m−1f)(x0, t0)− f(x0, t0)|

=

∣∣∣∣∣∣nm
n−1∑
k=0

m−1∑
j=0

pn−1,k(t0)pm−1,j(x0)

1∫
0

1∫
0

[f (z, y)− f(x0, t0)]w(mz − j)w(ny − k)dzdy

∣∣∣∣∣∣
≤
n−1∑
k=0

m−1∑
j=0

pn−1,k(t0)pm−1,j(x0)

∫
R

∫
R

∣∣∣∣∼f (u+ j

m
,
v + k

n

)
− f(x0, t0)

∣∣∣∣w(u)w(v)dudv.
Let us divide the last term into two parts as;

|(WBn−1,m−1f)(x0, t0)− f(x0, t0)| ≤ P1 + P2,

where

P1 =

n−1∑
k=0

m−1∑
j=0

pn−1,k(t0)pm−1,j(x0)

×
∫∫

√
(u+jm −x0)

2
+( v+kn −t0)

2
<δ

∣∣∣∣∼f (u+ j

m
,
v + k

n

)
− f(x0, t0)

∣∣∣∣w(u)w(v)dudv
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and

P2 =

n−1∑
k=0

m−1∑
j=0

pn−1,k(t0)pm−1,j(x0)

×
∫∫

√
(u+jm −x0)

2
+( v+kn −t0)

2≥δ

∣∣∣∣∼f (u+ j

m
,
v + k

n

)
− f(x0, t0)

∣∣∣∣w(u)w(v)dudv
Since (x0, t0) is a continuity point of f , then clearly

|f (z, y)− f(x0, t0)| < ϵ

whenever
√
(z − x0)

2
+ (y − t0)

2
< δ, hence we can write

P1 < ϵ.

On the other hand, since
|f (z, y)− f(x0, t0)| ≤ 2 ∥f∥2

whenever
√
(z − x0)

2
+ (y − t0)

2 ≥ δ, we get

P2 =

n−1∑
k=0

m−1∑
j=0

pn−1,k(t0)pm−1,j(x0)

×
∫∫

√
(u+jm −x0)

2
+( v+kn −t0)

2≥δ

∣∣∣∣∼f (u+ j

m
,
v + k

n

)
− f(x0, t0)

∣∣∣∣w(u)w(v)dudv.
≤ 2 ∥f∥2

n−1∑
k=0

m−1∑
j=0

pn−1,k(t0)pm−1,j(x0)

∫∫
√
(u+jm −x0)

2
+( v+kn −t0)

2≥δ

w(u)w(v)dudv

≤ 2 ∥f∥2
ml=2

1 +ms=2
1

δ2
≤ ∥f∥

δ2

(
1

2n
+

1

2m

)
.

Collecting these estimates, we have

lim
(n,m)→∞

(WBn−1,m−1f)(x0, t0) = f(x0, t0).

This completes the proof. □

As a consequence of the Theorem 3.1 we have also the following uniform convergence result.

Corollary 4.1. The same arguments apply to the case when f ∈ C
(
[0, 1]2

)
. In this case the convergence

is uniform with respect to x, t ∈ [0, 1], and hence one has

lim
(n,m)→∞

∥(WBn−1,m−1f)− f∥C([0,1]2) = 0.

5. PRACTICAL EXAMPLES, GRAPHICAL REPRESENTATIONS

5.1. Application to functions. Now, we will give some graphical examples for these approach,
namely convergence to functions by means of wavelet based bivariate Bernstein operators
(WBn−1,m−1f) (x, y).
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Example 5.1. Let f(x, y) = 3(sin(10xy) + 1). We consider a special case of the wavelet based Bern-
stein operators (WBn−1,m−1f) (x, y) constructed by using Shannon wavelet function.Then one has for
n,m = 2, 5, 10, 20 and for 40.

FIGURE 1. Approximation to f(x, y) = 3(sin(10xy) + 1) by Shannon wavelet
based Bernstein operator, for n,m = 2, 5, 10, 20 and 40.

Example 5.2. Let f(x, y) = 3(sin(10xy) + 1). We consider the wavelet based Bernstein operators
operators (WBn−1,m−1f) (x, y) constructed by using Haar scaling function. Then one has for n,m =
20, 25 and for 30.

FIGURE 2. Approximation of f(x, y) = 3(sin(10xy)+1) by Haar wavelet based
Bernstein operator, for n,m = 20, 25 and 30.

Example 5.3. Let f(x, y) = 3(sin(10xy) + 1), and we consider the wavelet based Sampling operators
(WSn,mf) (x, y) constructed by using Shannon wavelet function. Then one has for n,m = 10, 30 and
for 50.
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FIGURE 3. Approximation to f(x, y) = 3(sin(10xy) + 1) by Shannon wavelet
based Sampling operator, for n,m = 10, 30 and 50.

Example 5.4. Let f(x, y) = x2 − x + 1. We consider a special case of the wavelet based Bern-
stein operators (WBn−1,m−1f) (x, y) constructed by using Shannon wavelet function.Then one has
for n,m = 2, 5, 10, 20 and for 40.

FIGURE 4. Approximation to f(x, y) = x2 − x + 1 by Shannon wavelet based
Bernstein operator, for n,m = 2, 5, 10, 20 and 40.

Example 5.5. Let f(x, y) = x2 − x + 1, and we consider the wavelet based Bernstein operators
(WBn−1,m−1f) (x, y) constructed by using Haar scaling function. Then one has for n,m = 2, 5, 10, 20
and for 40.
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FIGURE 5. Approximation to f(x, y) = x2 − x + 1 by Haar wavelet based
Bernstein operator, for n = 2, 5, 10, 20 and 40.

5.2. Application on images. As modern technology has advanced, enlarging digital images
has become widespread in various fields including digital photography, medical imaging, and
smartphones.

Numerous zooming techniques have been explored in the literature, such as pixel duplica-
tion, interpolation methods, zero-order hold, and others.

Now, we will give some image reconstruction examples via wavelet based operators.
Starting from the 64× 64 pixel grayscale Baboon image:

FIGURE 6. Original Baboon Image (64× 64) pixels

The image was first downsampled to 32× 32 pixels.
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FIGURE 7. Downscaled Baboon Image (32× 32) pixels

In order to demonstrate the smoothing capabilities of the aforementioned operators, we will
reconstruct the 32 × 32 pixel downscaled Baboon image back to its original 64 × 64 resolution
using Haar wavelet-based Bernstein and Shannon wavelet-based Bernstein operators.

The quality of the reconstructed images was assessed by calculating the Peak Signal-to-
Noise Ratio (PSNR) with respect to the original image.

The aforementioned procedures were implemented using MATLAB programming language.
We consider the wavelet based Bernstein operators (WBn−1,m−1f) (x, y) constructed by us-

ing Haar scaling function. Then one has for n,m = 1,

FIGURE 8. Reconstruction Baboon Image (64×64 pixels) via Haar based Bern-
stein operators for n,m = 1.

In this reconstruction the Peak Signal-to-Noise Ratio (PSNR) with respect to the original
image is 16.0959.

We consider the wavelet based Bernstein operators (WBn−1,m−1f) (x, y) constructed by us-
ing Haar scaling function. Then one has for n,m = 5,
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FIGURE 9. Reconstruction Baboon Image (64x64 pixels) via Haar based Bern-
stein operators for n,m = 5.

In this reconstruction the Peak Signal-to-Noise Ratio (PSNR) with respect to the original
image is 19.3205.

We consider the wavelet based Bernstein operators (WBn−1,m−1f) (x, y) constructed by us-
ing Shannon wavelet function. Then one has for n,m = 1,

FIGURE 10. Reconstruction Baboon Image (64× 64 pixels) via Shannon based
Bernstein operators for n,m = 1.

In this reconstruction the Peak Signal-to-Noise Ratio (PSNR) with respect to the original
image is 14.9116.

Starting from the 64× 64 pixel grayscale Umut’s image:

FIGURE 11. Original Umut’s Image (64× 64) pixels

The image was first downsampled to 32× 32 pixels.
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FIGURE 12. Downscaled Umut’s Image (32× 32) pixels

We consider the wavelet based Bernstein operators (WBn−1,m−1f) (x, y) constructed by us-
ing Haar scaling function. Then one has for n,m = 1,

FIGURE 13. Reconstruction Umut’s Image (64×64 pixels) via Haar based Bern-
stein operators for n,m = 1.

In this reconstruction the Peak Signal-to-Noise Ratio (PSNR) with respect to the original
image is 16.1996.
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Kharkow, 13 (1912/13), 1–2.

[6] P. L. Butzer: On Bernstein Polynomials, Ph.D. Thesis, University of Toronto in November (1951).
[7] P. L. Butzer: On two dimensional Bernstein polynomials, Canad. J. Math., 5 (1953), 107–113.
[8] C. S. Burrus, R. A. Gopinath, H. Guo: Introduction to wavelets and wavelet transforms. A primer. Prentice Hall. (1998).
[9] P. L. Butzer, R. J. Nessel: Fourier Analysis and Approximation, V.1, Academic Press, New York, London (1971).

[10] D. Costarelli, G. Vinti: Rate of approximation for multivariate sampling Kantorovich operators on some functions spaces,
Journal of Integral Equations and Applications, 26 (4) (2014), 455–481.

[11] I. Daubechies: Orthonormal bases of compactly supported wavelets, Comm. Pure Appl. Math., 41 (1988), 909–996.
[12] I. Daubechies: Ten Lectures on Wavelets, CBMS-NSF Series in Appl. Math., 61, SIAM Publ. Philadelphia (1992).
[13] H. H. Gonska, D. X. Zhou: Using wavelets for Szász-type operators, Rev. Anal. Numér. Théor. Approx., 24 (1-2) (1995),

131–145.



40 Harun Karsli

[14] H. Karsli: On Wavelet Type Bernstein Operators, Carpathian Math. Publ., 15 (1) (2023), 212–221.
[15] H. Karsli: Extension of the generalized Bezier operators by wavelet, General Math., 30 (2) (2022), 3–15.
[16] H. Karsli: On wavelet type generalized Bézier operators, Mathematical Foundations of Computing, 6 (3) (2023), 439–

452.
[17] H. Karsli: Asymptotic properties and quantitative results of the wavelet type Bernstein operators, Dolomites Research

Notes on Approximation, 17 (1)(2024), 50–62.
[18] H. Karsli: A mathematical model for the effects of wavelets and the analysis of neural network operators described using

wavelets, 2nd Int. Workshop: Const. Math. Anal., Proc. Book. July, 2023, 24–38.
[19] H. Karsli: A mathematical model for linear approximation operators constructed using wavelets, Journal of Mathematical

Control Science & Applications, 9 (2) (2023), 9–18.
[20] H. Karsli: Historical Backround of wavelets and orthonormal systems: Recent results on positive linear operators recon-

structed via wavelets, Modern Mathematical Methods, 2 (3) (2024), 132–154.
[21] H. Karsli, H. E. Altin: Asymptotic Expansion of Wavelet Type Generalized Bézier Operators, Dolomites Research Notes

on Approximation, 18 (2), 8–16.
[22] H. Karsli: Asymptotic and quantitative results of Neural Network operators that employ wavelets, Springer, Book Chapter,

(2025), accepted.
[23] S. Kelly, M. Kon and L. Raphael: Pointwise convergence of wavelet expansions, Bull. Amer. Math. Soc., 30 (1994),

87–94.
[24] Y. Kolomoitsev, M. Skopina: Approximation by multi-variate Kantorovich-Kotelnikov operators. Journal of Mathemati-

cal Analysis and Applications, 456 (1) (2017), 195–213.
[25] W. Lenski, B. Szal: Approximation of Integrable Functions by Wavelet Expansions, Results Math., 72 (2017), 1203–1211.
[26] G. G. Lorentz: Bernstein Polynomials, University of Toronto Press, Toronto (1953).
[27] S. Mallat: A Wavelet Tour of Signal Processing, Courant Institute, 2nd Ed., New York University (1999).
[28] G. G. Walter: Pointwise convergence of wavelet expansions, J. Approx. Theory, 80 (1) (1995), 108–118.

HARUN KARSLI

BOLU ABANT IZZET BAYSAL UNIVERSITY

DEPARTMENT OF MATHEMATICS

14030, GOLKOY-BOLU, TURKEY

Email address: karsli_h@ibu.edu.tr



ALTAY CONFERENCE PROCEEDINGS IN MATHEMATICS
1 (2025), No. 1, pp. 41-53
https://altayconfproceedings.com/

Research Article

On new φ-fixed point results involving discontinuous control
functions with the effectively example and its applications

PATHAITHEP KUMROD
 

 

AND WUTIPHOL SINTUNAVARAT*
 

 

ABSTRACT. The main purpose of this paper is to extend and enhance the results of Karapinar et al. [7] by relaxing
the continuity assumption on control functions in the contractive setting. The validity and wider applicability of our
principal theorem are illustrated through examples. In addition, our generalized framework yields a homotopy result
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1. INTRODUCTION AND PRELIMINARIES

In the last ten decades, the classical Banach Contraction Principle (shortened, BCP) in [4]
has been investigated and improved by many researchers in several different ways, by the
following ideas:

• introducing the generalized Banach contractive conditions;
• increasing the number of involved mappings;
• extending the class of ambient spaces;
• enlarging the idea of fixed points.

Nowadays, there are many interesting research works in all of the above directions (see [11, 1,
8, 2, 10] and the references therein). In the following discussion, we focus particularly on those
studies that have directly inspired the development of the present work and are closely related
to its main ideas.

In 1969, Boyd and Wong [5] proved the fixed point theorem, which is one of the interest-
ing generalizations of the classical Banach contraction principle, and introduced the following
family of control functions:

Ψ =

{
ψ : [0,∞) → [0,∞) | ψ(t) < t for each t > 0 and lim sup

r→t+
ψ(r) < t for each t > 0

}
.

Afterwards, many mathematicians proved various fixed point results with the help of the con-
trol functions in Ψ.

In another direction, Jleli et al. [6] extended the Banach contraction principle by introducing
new control functions and first proposed the notions of φ-fixed points and φ-Picard mappings.
Before presenting their definitions and main results, we recall the following essential notions.
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Let X be a nonempty set, φ : X → [0,∞) be a given function, and T : X → X be a mapping.
We denote by FT the set of all fixed points of T , and by Zφ the set of all zeros of the function φ,
that is,

Zφ = {x ∈ X | φ(x) = 0}.

Definition 1.1 ([6]). Let X be a nonempty set and φ : X → [0,∞) be a given function. An element
z ∈ X is called a φ-fixed point of T : X → X if and only if z is a fixed point of T and φ(z) = 0, that is,
z ∈ FT ∩ Zφ.

Definition 1.2 ([6]). Let (X, d) be a metric space and φ : X → [0,∞) be a given function. A mapping
T : X → X is called a φ-Picard mapping if and only if the following conditions hold:

(i) FT ∩ Zφ = {z}, where z ∈ X ;
(ii) Tnx→ z as n→ ∞ for each x ∈ X .

In the sequel, we denote by F the class of all functions F : [0,∞)3 → [0,∞) satisfying the
following conditions:

(F1) max{a, b} ≤ F (a, b, c) for all a, b, c ∈ [0,∞);
(F2) F (0, 0, 0) = 0;
(F3) F is continuous.

This class of functions was first introduced by Jleli et al. [6] to generalize classical contractive
conditions and to unify several fixed point results under a broader framework. To illustrate the
definition, we present some typical examples below, followed by Jleli et al. [6].

Example 1.1 ([6]). The following functions F1, F2, F3 : [0,∞)3 → [0,∞) belong to F :
(i) F1(a, b, c) = a+ b+ c for all a, b, c ∈ [0,∞);

(ii) F2(a, b, c) = max{a, b}+ c for all a, b, c ∈ [0,∞);
(iii) F3(a, b, c) = a+ a2 + b+ c for all a, b, c ∈ [0,∞).

These examples demonstrate that the class F encompasses a wide range of control functions,
each leading to different types of contractive mappings. Using this framework, Jleli et al. [6]
established the following fundamental fixed point theorem.

Theorem 1.1 ([6]). Let (X, d) be a complete metric space, and let φ : X → [0,∞) be a given lower
semi-continuous function. Suppose that T : X → X is a mapping satisfying

(1.1) F (d(Tx, Ty), φ(Tx), φ(Ty)) ≤ k F (d(x, y), φ(x), φ(y))

for all x, y ∈ X , where F ∈ F and k ∈ [0, 1). Then T is a φ-Picard mapping and FT ⊆ Zφ.

If we take F (a, b, c) = a+b+c for all a, b, c ∈ [0,∞) and φ(x) = 0 for all x ∈ X in Theorem 1.1,
then (1.1) reduces to the classical Banach contractive condition. Consequently, Theorem 1.1 also
reduces to the well-known Banach contraction principle.

Motivated by both the works of Boyd and Wong [5] and Jleli et al. [6], Karapinar et al. [7]
proved φ-fixed point theorems by replacing the condition (F2) with the following modified
assumption:

(F2∗) F (a, 0, 0) = a for all a ≥ 0,
and by substituting the constant k with a control function ψ ∈ Ψ. This generalization sig-
nificantly broadens the applicability of the φ-Picard mapping framework. In 2017, Asadi [3]
further refined these results by showing that the continuity of F ∈ F in Theorem 1.1 can be
weakened. In particular, the theorem remains valid when the following weaker requirement
replaces the continuity condition:

• lim sup
n→∞

F (xn, yn, 0) ≤ F (x, y, 0) whenever xn → x and yn → y as n→ ∞.
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Example 1.2 ([3]). Let F : [0,∞)3 → [0,∞) be defined by F (a, b, c) = a + b + [c] or F (a, b, c) =
max{a, b} + [c] for all a, b, c ∈ [0,∞), where [c] denotes the integer part of c. Then F satisfies the
condition of Asadi [3], but F is not continuous.

Motivated by the results of Asadi [3] and Karapinar et al. [7], the main objective of this work
is to introduce a new class of control functions used in a generalized contractive condition
and to establish a φ-fixed point theorem for mappings satisfying this condition with respect
to the proposed class of control functions. Our results properly extend and generalize various
well-known fixed point theorems in the existing literature. Additionally, illustrative examples
and applications are provided to demonstrate the validity and practical utility of the obtained
results.

2. MAIN RESULTS

First, we denote by G the set of all functions G : [0,∞)3 → [0,∞) that satisfy the following
conditions:

(G1) max{a, b} ≤ G(a, b, c) for all a, b, c ∈ [0,∞),
(G2) G(a, 0, 0) = a for all a ≥ 0,
(G3) lim sup

n→∞
G(xn, yn, zn) ≤ G(x, 0, 0) whenever xn → x, yn → 0, and zn → 0 as n→ ∞.

As examples, consider the functions G1, G2 : [0,∞)3 → [0,∞) defined by

G1(a, b, c) = a+ b+ [c] and G2(a, b, c) = max{a, b}+ [c]

for all a, b, c ∈ [0,∞), where [c] denotes the integer part of c. Clearly, G1, G2 ∈ G.
Next, we introduce a new class of control functions that will be used to define a generalized

contractive condition in our main φ-fixed point theorem, extending the class ψ considered in
previous works.

Let Λ denote the set of all functions λ : [0,∞) → [0,∞) satisfying:
(λ1) λ(t) < t for all t > 0;
(λ2) if {an} is a sequence in [0,∞) with lim sup

n→∞
an ≤ a, then lim sup

n→∞
λ(an) ≤ λ(a).

We are now ready to present our main result.

Theorem 2.2. Let (X, d) be a complete metric space and T be a self mapping on X such that

(2.2) G(d(Tx, Ty), φ(Tx), φ(Ty)) ≤ λ(G(d(x, y), φ(x), φ(y)))

for all x, y ∈ X , where φ : X → [0,∞) is lower semi-continuous, G ∈ G, and λ ∈ Λ. Then FT ⊆ Zφ
and T is a φ-Picard mapping.

Proof. First, we need to show that FT ⊆ Zφ. Let x ∈ FT . By putting x = y in (2.2), we have

(2.3) G(0, φ(x), φ(x)) ≤ λ(G(0, φ(x), φ(x))).

Assume on the contrary that φ(x) > 0. Then G(0, φ(x), φ(x)) > 0. From (2.3) and (λ1), we get

G(0, φ(x), φ(x)) ≤ λ(G(0, φ(x), φ(x))) < G(0, φ(x), φ(x)),

which is a contradiction. Hence,
φ(x) = 0,

which implies that

(2.4) FT ⊆ Zφ.
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Next, we will show that T is a φ-Picard mapping. Let x0 be an arbitrary point in X . Define the
sequence {xn} ⊆ X by xn = Txn−1 for all n ∈ N. If xn∗ = xn∗−1 for some n∗ ∈ N, then xn∗−1

is a fixed point of T . We have nothing to prove and so we may assume that

(2.5) d(xn, xn−1) > 0

for all n ∈ N. It follows from (G1) that

(2.6) G(d(xn, xn−1), φ(xn), φ(xn−1)) > 0

for all n ∈ N. Hence by the contractive condition (2.2), (2.6) and (λ1) we have

G(d(xn+1, xn), φ(xn+1), φ(xn)) ≤ λ(G(d(xn, xn−1), φ(xn), φ(xn−1)))

< G(d(xn, xn−1), φ(xn), φ(xn−1))(2.7)

for all n ∈ N. This shows that {G(d(xn+1, xn), φ(xn+1), φ(xn))} is a decreasing sequence and
hence it converges to some point r ≥ 0, that is,

(2.8) lim
n→∞

G(d(xn+1, xn), φ(xn+1), φ(xn)) = r.

From (2.7), (2.8) and the squeeze theorem, we get

(2.9) lim
n→∞

λ(G(d(xn, xn−1), φ(xn), φ(xn−1))) = r.

We will show that r = 0. Suppose by way of contradiction that r > 0. By (λ1), (λ2), (2.8) and
(2.9) we have

r = lim sup
n→∞

λ(G(d(xn, xn−1), φ(xn), φ(xn−1))) ≤ λ(r) < r,

which provides a contradiction. Therefore, r = 0, that is,

lim
n→∞

G(d(xn+1, xn), φ(xn+1), φ(xn)) = lim
n→∞

λ(G(d(xn, xn−1), φ(xn), φ(xn−1))) = 0,

and thus, by (G1)

(2.10) lim
n→∞

d(xn+1, xn) = lim
n→∞

φ(xn+1) = 0.

In what follows, we shall prove that {xn} is a Cauchy sequence. Suppose, to the contrary, that
{xn} is not a Cauchy sequence. Then there exists ϵ > 0 such that we can find subsequences{
xm(k)

}
and

{
xn(k)

}
of {xn} with n(k) > m(k) ≥ k, for all positive integer k, satisfying

(2.11) d
(
xm(k), xn(k)

)
≥ ϵ.

We may assume that

(2.12) d
(
xm(k), xn(k)−1

)
< ϵ,

by choosing n(k) to be the smallest integer exceeding m(k) for which (2.11) holds. Now, using
the triangle inequality and (2.12), we have

ϵ ≤ d
(
xm(k), xn(k)

)
≤ d

(
xm(k), xn(k)−1

)
+ d

(
xn(k)−1, xn(k)

)
< ϵ+ d

(
xn(k)−1, xn(k)

)
.

Letting k → ∞ in the previous inequality and using (2.10), we get

(2.13) lim
k→∞

d
(
xm(k), xn(k)

)
= ϵ.

Using (G2), (G3), (2.10) and (2.13), it follows that

(2.14) lim sup
k→∞

G
(
d
(
xm(k), xn(k)

)
, φ
(
xm(k)

)
, φ
(
xn(k)

))
≤ G(ϵ, 0, 0) = ϵ.

From (λ2), it follows from (2.14) that

(2.15) lim sup
k→∞

λ
(
G
(
d
(
xm(k), xn(k)

)
, φ
(
xm(k)

)
, φ
(
xn(k)

)))
≤ λ(ϵ).
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On the other hand, by the triangle inequality, (2.2) and (G1), for all k ∈ N, we see that

ϵ ≤ d
(
xm(k), xn(k)

)
≤ d

(
xm(k), xm(k)+1

)
+ d

(
xm(k)+1, xn(k)+1

)
+ d

(
xn(k)+1, xn(k)

)
≤ d

(
xm(k), xm(k)+1

)
+G

(
d
(
xm(k)+1, xn(k)+1

)
, φ
(
xm(k)+1

)
, φ
(
xn(k)+1

))
+ d

(
xn(k)+1, xn(k)

)
≤ d

(
xm(k), xm(k)+1

)
+ λ

(
G
(
d(xm(k), xn(k)), φ(xm(k)), φ(xn(k))

))
+ d

(
xn(k)+1, xn(k)

)
.

Taking limit superior as k → ∞ and using (2.10), (2.15) and (λ2), we have

ϵ ≤ λ(ϵ) < ϵ,

which is a contradiction. Therefore, {xn} is a Cauchy sequence. By the completeness of X ,
there exists a point z ∈ X such that

(2.16) lim
n→∞

xn = z.

Using (2.10), (2.16) and the semi-continuity of φ, we get

0 ≤ φ(z) ≤ lim inf
n→∞

φ(xn) = 0,

which implies that

(2.17) φ(z) = 0.

Now, we shall prove that z is a fixed point of T . From (2.5) and (2.16), there exists a subsequence
{f(n)} of {n} such that

(2.18) d
(
xf(n), z

)
> 0

holds for any n ∈ N. By applying (2.2) and using (G1), (λ1), (2.17) and (2.18), we have

d
(
xf(n)+1, T z

)
≤ max

{
d
(
xf(n)+1, T z

)
, φ
(
xf(n)+1

)}
≤ G

(
d
(
xf(n)+1, T z

)
, φ
(
xf(n)+1

)
, φ(Tz)

)
≤ λ

(
G
(
d
(
xf(n), z

)
, φ
(
xf(n)

)
, φ(z)

))
< G

(
d
(
xf(n), z

)
, φ
(
xf(n)

)
, φ(z)

)
= G

(
d
(
xf(n), z

)
, φ
(
xf(n)

)
, 0
)
.

Thus

lim sup
n→∞

d
(
xf(n)+1, T z

)
≤ lim sup

n→∞
G
(
d
(
xf(n), z

)
, φ
(
xf(n)

)
, 0
)
≤ G(0, 0, 0) = 0,

which implies that
lim
n→∞

d(xf(n)+1, T z) = 0.

By the uniqueness of the limit, we get z = Tz.
Finally, we prove that z is the unique fixed point of T . Assume, for the sake of contradiction,

that there exists another fixed point w ∈ X such that z ̸= w. Then z = Tz and w = Tw. Using
(2.2), (2.4), (λ1), and (G2), we have

d(z, w) = G(d(z, w), 0, 0) ≤ λ(G(d(z, w), 0, 0)) < G(d(z, w), 0, 0) = d(z, w),

which is a contradiction. Hence, z is the unique fixed point of T . From this conclusion, we can
conclude that T is a φ-Picard mapping. □

Remark 2.1. Note that in the proof of Theorem 2.2, we use the fact that a > 0 or b > 0 implies that
G(a, b, c) > 0 for all a, b, c > 0. So our proof is simpler and shorter than the proof of Karapinar et al.
[7].
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Remark 2.2. By the properties of the classes G and Λ, we immediately obtain the main theorem of
Karapinar et al. [7].

The following example shows that our theorem is a proper generalization of some results in
the literature.

Example 2.3. Let X = [0, 3] endowed with the usual metric d : X ×X → [0,∞) defined by d(x, y) =
|x−y| for all x, y ∈ X . Then (X, d) is a complete metric space. Define the self-mapping T : X → X by

Tx =

{
x2

9 , 0 ≤ x < 2,
x
x+2 , 2 ≤ x ≤ 3.

Furthermore, we define a function λ : [0,∞) → [0,∞) by

λ(t) =

{
t
3 , 0 ≤ t < 2,
sin
(
2
t

)
+ 9

8 , t ≥ 2.

The graph of λ shown in blue is given in Figure 1. It is easy to see that λ ∈ Λ ∩Ψ.

0 1 2 3 4 5 6 7 8
0

1

2

3

4

FIGURE 1. The graph of λ

Note that the Banach contraction principle is not applicable because T is not continuous at a point 2.
Also, the fixed point theorem of Boyd and Wong [5] cannot be applied in this case. Indeed, for x = 1 and
y = 2, we get

d(Tx, Ty) = |T1− T2| =
∣∣∣∣19 − 1

2

∣∣∣∣ = 7

18
≮

1

3
= λ(1) = λ(d(1, 2)) = λ(d(x, y)).

Now, let us consider the mapping G : [0,∞)3 → [0,∞) and φ : X → [0,∞) defined by

G(a, b, c) = a+ b+ [c]

for each a, b, c ≥ 0, where [c] is the integer part of c and φ(x) = x
2 for each x ∈ X . Clearly, G ∈ G

and φ is lower semi-continuous. Finally, we shall claim that the mapping T satisfies the contractive
condition (2.2). Suppose that x, y ∈ X . We distinguish the following four cases:
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Case 1: If (x, y) ∈ [0, 2)× [0, 2), then

G(d(Tx, Ty), φ(Tx), φ(Ty))

= d(Tx, Ty) + φ(Tx) + [φ(Ty)]

=
|x2 − y2|

9
+
x2

18

≤ |x− y|
3

+
x

6
(2.19)

≤ λ
(
|x− y|+ x

2
+
[y
2

])
= λ(d(x, y) + φ(x) + [φ(y)])

= λ(G(d(x, y), φ(x), φ(y))).

The 3D graphs (plotted in MATLAB) in Figure 2 guarantee that the condition (2.19) holds.

FIGURE 2. The graph of (2.19)

Case 2: If (x, y) ∈ [2, 3]× [2, 3], then

G(d(Tx, Ty), φ(Tx), φ(Ty))

= d(Tx, Ty) + φ(Tx) + [φ(Ty)]

=

∣∣∣∣ x

x+ 2
− y

y + 2

∣∣∣∣+ x

2(x+ 2)

≤ sin

(
2

|x− y|+ x
2 +

[
y
2

])+
9

8
(2.20)

= λ
(
|x− y|+ x

2
+
[y
2

])
= λ(d(x, y) + φ(x) + [φ(y)])

= λ(G(d(x, y), φ(x), φ(y))).

The 3D graphs (plotted in MATLAB) in Figure 3 guarantee that the condition (2.20) holds.
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FIGURE 3. The graph of (2.20)

Case 3: If x ∈ [0, 2) and y ∈ [2, 3], then

G(d(Tx, Ty), φ(Tx), φ(Ty))

= d(Tx, Ty) + φ(Tx) + [φ(Ty)]

=

∣∣∣∣x29 − y

y + 2

∣∣∣∣+ x2

18

≤ |x− y|
3

+
x

6
+

1

3

[y
2

]
(2.21)

= λ
(
|x− y|+ x

2
+
[y
2

])
= λ(d(x, y) + φ(x) + [φ(y)])

= λ(G(d(x, y), φ(x), φ(y))).

The 3D graphs (plotted in MATLAB) in Figure 4 guarantee that the condition (2.21) holds.

FIGURE 4. The graph of (2.21)
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Case 4: If x ∈ [2, 3] and y ∈ [0, 2), then

G(d(Tx, Ty), φ(Tx), φ(Ty))

= d(Tx, Ty) + φ(Tx) + [φ(Ty)]

=

∣∣∣∣ x

x+ 2
− y2

9

∣∣∣∣+ x

2(x+ 2)

≤ |x− y|
3

+
x

6
(2.22)

= λ
(
|x− y|+ x

2

)
= λ(d(x, y) + φ(x) + [φ(y)])

= λ(G(d(x, y), φ(x), φ(y))).

The 3D graphs (plotted in MATLAB) in Figure 5 guarantee that the condition (2.22) holds.

FIGURE 5. The graph of (2.22)

Considering all the above cases, we conclude that T satisfies the contractive condition (2.2). Therefore,
by Theorem 2.2, T admits a unique φ-fixed point.

Corollary 2.1. Let (X, d) be a complete metric space and T : X → X be a given mapping such that

d(Tx, Ty) ≤ λ(d(x, y))

for all x, y ∈ X , where λ ∈ Λ. Thus, T has a unique fixed point.

Proof. The proof of this corollary immediate by taking φ ≡ 0 in Theorem 2.2 and using condi-
tion (G2). □
Remark 2.3. Based on the fact that Λ is wider than Ψ, Corollary 2.1 is the real proper extension of the
fixed point theorem of Boyd and Wong [5]. However, if we take φ ≡ 0 in Theorem 2.1 of Karapinar
et al. [7], we have that the obtained result is equivalent to the Boyd and Wong fixed point theorem.
This follows the advantage of our main result in this work, which is supported by several results in the
literature, as shown in Figure 6.

3. APPLICATIONS

In this section, we propose two applications which is derived from the main φ-fixed point
result in the previous section. These applications involve the analysis of the homotopy result
and the analysis of solutions to nonlinear Volterra integral equations of the second kind.
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Theorem 2.2

φ(x) = 0

Reduce

Karapinar et al.’s
theorem

φ(x) = 0

BCP

Boyd-Wong’s theorem

λ ∈ Ψ

Reduce

BCP

Boyd-Wong’s theorem

Corollary 2.1

FIGURE 6. The difference of consequence between our theorem and Karapinar
et al.’s theorem

3.1. Application to the homotopy result. In this part, we present the homotopic results that
can be obtained from the φ-fixed point result in the previous section. We begin by introducing
the new class of control functions used in the main result in this part. Denote by G∗ the class of
all functions G ∈ G satisfying the following property:
(G4) for all a, b, c, d ≥ 0,

a ≤ c+ d =⇒ G(a, b, 0) ≤ G(c, b, 0) + d.

Example 3.4 ([7]). Let G1, G2, G3 : [0,∞)3 → [0,∞) be defined by
(i) G1(a, b, c) = (a+ b)ec for all a, b, c ≥ 0;

(ii) G2(a, b, c) = (a+ b)(c+ 1)n for all a, b, c ≥ 0, where n ∈ N;
(iii) G3(a, b, c) = aec+b + bea+c for all a, b, c ≥ 0.

Then, G1, G2 ∈ G∗ and G ∋ G3 /∈ G∗.

The following homotopy result can be derived from Theorem 2.2 and the same technique in
the proof of Theorem 3.1 in [7].

Theorem 3.3. Let (X, d) be a complete metric space, U be an open subset ofX , and V be a closed subset
of X with U ⊂ V . Suppose that H : V × [0, 1] → X has the following properties:

(C1) x ̸= H(x, λ) for every x ∈ V \ U and λ ∈ [0, 1];
(C2) there exist a continuous function φ : X → [0,∞), L ∈ (0, 1), and G ∈ G∗ such that

G(d(H(x, λ),H(y, λ)), φ(H(x, λ)), φ(H(y, λ))) ≤ LG(d(x, y), φ(x), φ(y))

for all x, y ∈ V and λ ∈ [0, 1];
(C3) there exists a continuous function η : [0, 1] → R such that

G(d(H(x, λ),H(x, µ)), φ(H(x, λ)), φ(H(x, µ))) ≤ |η(λ)− η(µ)|

for all x ∈ V and λ, µ ∈ [0, 1].
Then H(·, 0) has a fixed point if and only if H(·, 1) has a fixed point.

Based on the fact that the class G∗ enlarges the class

G := {G : [0,∞)3 → [0,∞) | G satisfies (G1), (G3), (G4) and G is continuous}

which is defined in [7], we get the following result:

Corollary 3.2 (Theorem 3.1 in [7]). Let (X, d) be a complete metric space, U be an open subset of
X , and V be a closed subset of X with U ⊂ V . Suppose that H : V × [0, 1] → X has the following
properties:

(C1) x ̸= H(x, λ) for every x ∈ V \ U and λ ∈ [0, 1];
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(C2) there exist a continuous function φ : X → [0,∞), L ∈ (0, 1), and G ∈ G such that

G(d(H(x, λ),H(y, λ)), φ(H(x, λ)), φ(H(y, λ))) ≤ LG(d(x, y), φ(x), φ(y))

for all x, y ∈ V and λ ∈ [0, 1];
(C3) there exists a continuous function η : [0, 1] → R such that

F (d(H(x, λ),H(x, µ)), φ(H(x, λ)), φ(H(x, µ))) ≤ |η(λ)− η(µ)|

for all x ∈ V and λ, µ ∈ [0, 1].

Then H(·, 0) has a fixed point if and only if H(·, 1) has a fixed point.

3.2. Application to the nonlinear Volterra integral equations. In this part, we apply Theorem
2.2 to investigate the existence and uniqueness of a solution for the following nonlinear Volterra
integral equation:

(3.23) x(t) = ϕ(t) +

∫ t

a

K(t, s, x(s))ds,

where a, b ∈ R with a < b, x ∈ C[a, b] (the set of all continuous functions form [a, b] into R) is
an unknown function, ϕ : [a, b] → R and K : [a, b] × [a, b] × R → R are two given continuous
functions.

Theorem 3.4. Consider the nonlinear Volterra equation (3.23). Suppose that there exists λ ∈ Λ such
that

|K(t, s, r1)−K(t, s, r2)| ≤
λ(|r1 − r2|)

b− a

for all t, s ∈ [a, b] and r1, r2 ∈ R. Then the nonlinear integral equation (3.23) has a unique solution.

Proof. Let X = C[a, b]. Define the integral operator T : X → X for each x ∈ X by a new
function Tx : [a, b] → R given by

(Tx)(t) = ϕ(t) +

∫ t

a

K(t, s, x(s))ds

for all t ∈ [a, b]. We consider the complete metric space (X, d), where d is defined by

d(x, y) = max
t∈[a,b]

|x(t)− y(t)|

for each x, y ∈ X . Now, we define the functions G : [0,∞)3 → [0,∞) and φ : X → [0,∞) as
follows:

G(a, b, c) = max{a, b}+ [c] for each a, b, c ∈ [0,∞),

φ(x) = 0 for each x ∈ X.

Obviously, G ∈ G and λ ∈ Λ.
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Next, we will show that (2.2) holds. Let x, y ∈ X and t ∈ [a, b]. Then

|(Tx)(t)− (Ty)(t)| =

∣∣∣∣∫ t

a

K(t, s, x(s))ds−
∫ t

a

K(t, s, y(s))ds

∣∣∣∣
=

∣∣∣∣∫ t

a

(K(t, s, x(s))−K(t, s, y(s)))ds

∣∣∣∣
≤

∫ t

a

|(K(t, s, x(s))−K(t, s, y(s)))|ds

≤ 1

b− a

∫ t

a

λ(|x(s)− y(s)|)ds

≤ 1

b− a

∫ t

a

λ(d(x, y))ds

≤ 1

b− a
λ(d(x, y))[b− a]

= λ(d(x, y)).

From the above inequality and by taking the maximum over t, we obtain

d(Tx, Ty) ≤ λ(d(x, y)).

Consequently, it follows that

max{d(Tx, Ty), φ(Tx)}+ [φ(Ty)] ≤ λ
(
max{d(x, y), φ(x)}+ [φ(y)]

)
.

Hence,
G(d(Tx, Ty), φ(Tx), φ(Ty)) ≤ λ

(
G(d(x, y), φ(x), φ(y))

)
for all x, y ∈ X . Therefore, the inequality (2.2) together with all the assumptions of Theorem 2.2
are satisfied. Consequently, T has a unique fixed point, which implies that the integral equation
(3.23) admits a unique solution in C[a, b]. □

4. CONCLUSION

In this work, we proved a φ-fixed point result for mappings satisfying the contractive con-
dition involving control functions that do not have to be continuous and showed that our main
results allowed us to find φ-fixed points of mappings in which the main results of Banach and
Boyd-Wong cannot be applied, with Example 2.3. This claims the advantage of the main result
of this work, with many known results from the past. Our results generalize the main φ-fixed
point results of Karapinar et al. [7] and several known results in the literature. Actually, we
can use the main φ-fixed point result in this paper to investigate the generalization of the fixed
point result in the framework of partial metric spaces introduced by Karapinar et al. [7] (Corol-
lary 3.3). This result will cover the partial metric version of the Boyd-Wong fixed point theorem
and the fixed point result in partial metric spaces, as presented by Matthews [9].
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ABSTRACT. In this paper, we study the applications of special functions and quasisymmetry in quasiconformal
mappings. Moreover, we estimate the distances between the image points of quasiconformal mappings under various
metrics.
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1. INTRODUCTION

In the two-dimensional setting, the foundations of quasiconformal mapping theory were
laid by H. Grötzsch in 1928, followed by significant contributions from O. Teichmüller during
the period 1938–1944, and later by L. Bers and L. V. Ahlfors beginning in the early 1950s. The
extension of this theory to higher dimensions (n-dimensional spaces) was initiated by F. W.
Gehring and J. Väisälä in the early 1960s. Conformal invariants, such as the modulus of a
family of curves, play a central role in the study of quasiconformal mappings. These invariants
can often be characterized using specific conformal mappings. In the context of hyperbolic
geometry on the unit disk, hyperbolic lines are defined as geodesicscurves that minimize length
with respect to the hyperbolic metric. While this metric serves as a powerful tool for analyzing
various planar domains, its extension to proper subdomains of higher-dimensional Euclidean
spaces Rn, with n ≥ 3, is generally not feasible.

Classical Function Theory (CFT) extensively utilizes the hyperbolic metric due to its invari-
ance under conformal mappings, particularly Möbius transformations. This invariance often
renders theoretical results more naturally and effectively expressed in hyperbolic terms than
in Euclidean geometry. A notable example is the Schwarz lemma, which characterizes ana-
lytic self-maps of the unit disk as contractions with respect to the hyperbolic metric. Similarly,
Nevanlinnas principle underscores the fundamental role of hyperbolic geometry in the analytic
structure of CFT. While classical tools such as power series expansions and integral represen-
tations are inherently local and do not capture global conformal invariance, the method of
extremal lengthdeveloped by Ahlfors and Beurlingpreserves this invariance and has become
a powerful and essential technique in modern CFT. However, generalizing these concepts to
higher-dimensional settings (n ≥ 3) poses significant difficulties, primarily due to the break-
down of complex analytic tools such as multiplication of complex numbers and the failure of
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the Riemann mapping theorem in higher dimensions. Liouvilles theorem further illustrates
the rigidity of conformal mappings in higher dimensions, where they reduce to Möbius trans-
formations, thus limiting the scope of conformal theory. Consequently, extending classical
function theoretic methods to higher-dimensional spaces requires fundamentally different ap-
proaches and presents deep analytical challenges [26].

In this paper, we present a concise overview of quasiconformal mappings, various metric
structures, and special functions, with a focus on their applications in deriving distortion the-
orems for quasiconformal mappings. The study is grounded in the foundational and recent
developments presented in [3, 6, 7, 9, 10, 13, 17, 20, 24, 26, 22].

The structure of the paper is as follows. Section 1 provides an introduction to the topic. Sec-
tion 2 presents the necessary definitions and explores the interrelations among various metric.
In Section 3, we introduce certain special functions along with their associated inequalities,
formulated as lemmas, and discuss the notion of quasi-symmetry. Section 4 offers a concise ac-
count of Moris theorem and the Schwarz lemma, including some of their recent advancements.
Finally, Section 5 contains key lemmas and distortion theorems formulated with respect to dif-
ferent metrics.

2. DEFINITIONS AND METRICS

In our study, the following metric spaces will be central to our discussion:
(1) the Euclidean space Rn,
(2) the Poincaré half-space Hn = Rn+ = {x ∈ Rn : xn > 0},
(3) the Möbius space Rn = Rn ∪ {∞}.

2.1. Notations. For x ∈ Rn and r > 0 let

Bn(x, r) = {z ∈ Rn : |x− z| < r},
Sn−1(x, r) = {z ∈ Rn : |x− z| = r}

denote the ball and sphere, respectively, centred at x with radius r. Moreover, we denote
Bn(r) = Bn(0, r), Sn−1(r) = Sn−1(0, r), Bn(1) = Bn, Sn−1(1) = Sn−1. We denote by e1, e2, . . . , en
the standard unit vectors in Rn.

2.2. Metric space (X, d). A metric on a non-empty set X is a real-valued function d : X×X →
[0,∞) satisfying the following properties:

(1) d(x, y) ≥ 0 and d(x, x) = 0, ∀x, y ∈ X,
(2) d(x, y) = d(y, x), ∀x, y ∈ X,
(3) d(x, z) ≤ d(x, y) + d(y, z), ∀x, y, z ∈ X.

The metric space (X, d) is a set X equipped with a metric d on X . For instance,
(1) the set of real numbers R, with the usual distance function d(x, y) = |x− y|, x, y ∈ R is

a metric space.
(2) More generally (Rn, | · |) is a metric space.
(3) If (Xj , dj), j = 1, 2 are metric spaces and f : (X1, d1) → (X2, d2) is an injection, then

mf (x, y) = d2(f(x), f(y)) is a metric.
(4) If (X, d) is a metric space, then also (X, da) is a metric space for all a ∈ (0, 1].

2.3. Isometry. Let (X, d1) and (Y, d2) be metric space and let f : X → Y be homeomorphism.
Then f is an isometry if

d2 (f(x), f(y)) = d1(x, y)

for all x, y ∈ X .
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2.4. Lipschitz mappings. Let (X, d1) and (Y, d2) be metric space and let f : X → Y be contin-
uous and let L ≥ 1. We say that f is L-Lipschitz if

d2(f(x), f(y)) ≤ Ld1(x, y)

for all x, y ∈ X . In addition, if f is homeomorphism and

d1(x, y)/L ≤ d2(f(x), f(y)) ≤ Ld1(x, y)

for all x, y ∈ X , we say that f is L-Lipschitz.

2.5. Möbius transformation. The following types of mappings generate the group of Möbius
transformation.

(1) A reflection in hyperplane P (a, t):

f1(x) = x− 2(xa− t)
a

|a|2
,

where P (a, t) = {x ∈ Rn : x · a = t}, t ∈ R, a ∈ Rn.
(2) An inversion in Sn−1(a, r):

f2(x) = a+
r2(x− a)

|x− a|2
, f2(a) = ∞, f2(∞) = a.

If G ⊂ Rn, we denote by GM(G) the group of all Möbius transformations with f(G) = G.
For the further information and results on Möbius transformation the reader is referred to
Beardon’s book [5, p.32]. If f is an inversion in Sn−1(a, r), then the following identity

|f(x)− f(y)| = r2|x− y|
|x− a||y − a|

holds for x, y ∈ Rn\{a}, see [24, (1.5)].
Let f(u) = r2u/|u|2, r > 0, u ∈ Rn \{0} and let z = x (|x|+ |x− y|) /|x| for all x, y ∈ Rn \{0}

with |x| ≤ |y|. Then

|f(x)− f(z)| ≤ |f(x)− f(y)| ≤ 3|f(x)− f(z)|.

Equality holds in the upper bound for x = −y (see [7] for proof).
For a ∈ Bn, define Ta : Bn → Bn as

Ta(x) = pa ◦ σa ,

where pa is the reflection in (n− 1)-dimensional plane through the origin and orthogonal to a,
and σa is the inversion in the sphere Sn−1(a/|a|,

√
1/|a|2 − 1). For n = 2, we have

Ta(z) =
z − a

1− āz
,

see [13, p.11, p.459].

2.6. Absolute (cross) ratio. For distinct points a, b, c, d ∈ Rn, the absolute (cross) ratio is de-
fined by

|a, b, c, d| = q(a, c)q(b, d)

q(a, b)q(c, d)
,

where for all x, y ∈ Rn q(x, y) =
|x−y|√

1+|x|2
√

1+|y|2
,

q(x,∞) = 1√
1+|x|2

,
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is the spherical (chordal) metric [24]. The chordal metric is estimated as follows

|x− y|
|1 + (|x|)||(1 + |y|)|

≤ q(x, y) ≤ 2|x− y|
|1 + (|x|)||(1 + |y|)|

,

for all x, y ∈ Rn [24, p.5]. If q(f(x), f(y)) = q(x, y) for all x, y ∈ Rn and f ∈ GM(Rn), then f is
called spherical isometry. One of the most important properties of Möbius transformations is
that they preserve absolute (cross) ratio, i.e.,

|f(a), f(b), f(c), f(d)| = |a, b, c, d|

for all a, b, c, d ∈ Rn and f ∈ GM.

2.7. Conformal mapping. Let D and D′ be domains in Rn and f : D → D′ be a homeomor-
phism. We call f conformal if f ∈ C1, Jf (x) 6= 0 for all x ∈ D, |f ′(x)h| = |f ′(x)||h| for all x ∈ D

and h ∈ Rn. If D and D′ are domains in Rn, we call a homeomorphism f : D → D′ conformal
if the restriction of f to D \ {∞, f−1(∞)} is conformal.

For n = 2 there are many conformal mappings, i.e., Riemann mapping Theorem, Schwarz-
Christoffel formula. For n ≥ 3 conformal maps are Liouville’s theorem, Möbius transforma-
tions. Therefore conformal invariance for the space n ≥ 3 is very different from the plane case
n = 2 [26].

2.8. Quasiconformal mappings. Given domains D,D′ ∈ Rn. Let f : D → D′ be a homeomor-
phism. If Γ is a family of curves in D, then Γ′ = f(Γ). We set

K1(f) = sup
M(Γ′)

M(Γ)
,K0(f) = sup

M(Γ)

M(Γ′)
,

where the suprema is taken over is taken over all curve families Γ in D such that M(Γ) and
M(Γ′) are not simultaneously 0 or ∞. We call K1(f) the inner dilatation, K0(f) the outer
dilatation, and K(f) = max{K1(f),K0(f)} the maximum dilatation of f . If K(f) ≤ K < ∞,
then f is known as K-quasiconformal. If K(f) < ∞, then f is quasiconformal. This geometric
definition is due to Väisälä [22, p.42].

In particular, a 1-quasiconformal f : Rn → Rn is a Möbius transformation.
A set G is connected if for all x, y ∈ G there exists a path γ : [0, 1] → G such that γ(0) = x

and γ(1) = y. Sometimes, we write Γxy for the set of all paths joining x with y in G.

2.9. Inner metric of a set. Let G ⊂ X . For fixed x, y ∈ X the inner metric with respect to G is
defined by

d(x, y) = inf{ℓ(γ) : γ ∈ Γxy , γ ∈ G}.

2.10. Geodesics. A path γ : [0, 1] → GwhereG is a domain, is a geodesic joining γ(0) and γ(1)
if ℓ(γ) = d(γ(0), γ(1)) and

ℓ(γ) = d(γ(0), γ(t)) + d(γ(t) + γ(1)), t ∈ (0, 1).

For example, the segment

[x, y] = {z ∈ Rn : z = tx+ (1− t)y, t ∈ [0, 1]}

is a geodesic in (Rn, | · |).
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2.11. Path integrals. For a locally rectifiable path γ : ∆ → X and a continuous function f :
γ∆ → [0,∞], the path integral is defined in two steps as follows:

(1) If γ is rectifiable, then ∫
γ

fds =

∫ ℓ(γ)

0

f(γo(t))|(γo)′(t)|dt,

where γo is the normal representation of a rectifiable path.
(2) If γ is locally rectifiable, then we set∫

γ

fds = sup

{∫
α

: ℓ(α) <∞, α is a subpath of γ)
}
.

2.12. Weighted length. Let G ⊂ X be a domain and w : G → (0,∞) continuous. For fixed
x, y ∈ D, we define

dw(x, y) = inf

{
ℓw(γ) =

∫
γ

w(γ(z))|dz| : γ ∈ Γxy, ℓ(γ) <∞
}
.

One can see easily that dw defines a metric on G and (G, dw) is a metric space.

2.13. Hyperbolic metric. Let Γ be a family of all rectifiable curves in Bn or Hn, joining x and
y. Then the hyperbolic metric ρ in unit ball Bn and in Hn is defined by

ρBn = inf
γ∈Γ

∫
γ

2|dz|
1− |z|2

, x, y ∈ Bn and ρHn = inf
γ∈Γ

∫
γ

|dz|
d(z, ∂Hn)

, x, y ∈ Hn,

respectively.
If D is a simply connected domain of the extended complex plane C and card∂D > 1, then

by the Riemann mapping theorem there exists a conformal mapping f from D onto the unit
disk {z ∈ C : |z| < 1}.

The hyperbolic metric ρ in D is defined by the following formula

ρD(x, y) = inf
γ∈Γ

∫
γ

ηD(z)|dz|, where ηD(z) =
2|f ′(z)|

1− |f(z)|2
,

where Γ is the family of all rectifiable curves in D joining x and y. The following inequalities
give us an upper and lower bound for ηD

1

4d(z, ∂D)
≤ ηD(z) ≤

1

d(z, ∂D)
.

Once the Euclidean distances xn = d(x, ∂Hn), yn = d(x, ∂Hn) and |x − y| are known then the
hyperbolic distance ρHn can be determined by the following formula

cosh(ρ(x, y)) = 1 +
|x− y|2

2xnyn
, x, y ∈ Hn.

The counterpart of the above formula for Bn is given by

sinh2
(
1

2
ρ(x, y)

)
=

|x− y|2

(1− |x|2)(1− |y|2)
, x, y ∈ Bn,

see [5, p.35-40]. For the unit ball Bn, we have two more definition for the hyperbolic metric
given below

ρBn(x, y) = sup{log |a, x, y, b|}, x, y ∈ Bn, a, b ∈ ∂Bn,
ρBn(x, y) = log |x∗, x, y, y∗|, x, y ∈ Bn .
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If h ∈ GM and x, y ∈ Bn, then

ρ(h(x), h(y)) = ρ(x, y), x, y ∈ Bn.

2.14. Metrics jjj and j̃̃j̃j. Let (X, d) be a metric space and G ⊂ X be an open set with non-empty
boundary. Then for all x, y ∈ G, the following formulas

jG(x, y) = log

(
1 +

|x− y|
min{d(x), d(y)}

)
and

j̃G(x, y) = log

(
1 +

|x− y|
d(x)

)
+ log

(
1 +

|x− y|
d(y)

)
define metrics on G (see [12, 24]), where d(x) = d(x, ∂G) = inf{|x− z| : z ∈ ∂G} is the distance
between a point x ∈ G and the boundary ∂G of G. In literature, metrics j and j̃ are known as
distance ratio metric and ratio metric, respectively.

The following inequalities show the relation between j, j̃ and ρ metrics in different domains
[24, p.29],

(1)
jG(x, y) ≤ j̃G(x, y) ≤ 2jG(x, y) for allx, y ∈ G ⊂ Rn,

(2)
jBn(x, y) ≤ ρBn(x, y) ≤ 4jBn(x, y) for allx, y ∈ Bn,

(3)
jHn(x, y) ≤ ρHn(x, y) ≤ 2jHn(x, y) for allx, y ∈ Hn.

2.15. Quasihyperbolic metric. Let G ⊂ Rn be a domain. The quasihyperbolic metric kG is
defined by

kG(x, y) = inf
γ∈Γ

∫
γ

|dz|
d(z, ∂G)

, x, y ∈ G,

where Γ is the family of all rectifiable curves inG joining x and y [12]. In the following inequal-
ities, we show the relation of kG metric with other metrics [12, 16, 24, 26],

(1)
1

2
ρBn(x, y) ≤ kBn(x, y) ≤ ρBn(x, y) for allx, y ∈ Bn,

(2)

jBn(x, y) ≤ kBn(x, y) ≤ (1 + r)jBn(x, y) for allx, y ∈ Bn(r), r ∈ (0, 1),

(3)

jG(x, y) ≤ log

(
1 +

l

min{d(x), d(y)}

)
≤ kG(x, y) for allx, y ∈ G ⊂ Rn,

where l = inf{ℓ(γ) : γ ∈ Γx,y},
(4)

jBn(0, y) = kBn(0, y) = log
1

1− |x|
for allx ∈ Bn,

(5)

jBn(ax, ay) = kBn(ax, ay) =
1− x

1− y
, a ∈ Sn−1,

where x, y ∈ (0, 1) with x < y.
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2.16. Ferrand’s metric. Let D ⊂ Rn be a domain with card∂D ≥ 2. Then τD defines a metric
in D, defined

σD(x, y) = inf
γ∈Γ

∫
γ

wD(z)|dz|,

where Γ is the family of all rectifiable curves in D joining x and y, and

wD = sup
a,b∈∂D

|a− b|
|z − a||z − b|

.

2.17. Apollonian metric. For a proper subdomain D of Rn, the Apollonian metric is defined
by

αD(x, y) = sup
a,b∈∂D

log |a, x, y, b|, x, y ∈ D.

2.18. Absolute ratio metric. Let G be an open subset of Rn with card∂G ≥ 2. Then for all
x, y ∈ G the following formula

δG(x, y) = log

(
1 + sup

a,b∈∂G
|a, x, y, b|

)
,

defines a metric in G ([20]).

3. SPECIAL FUNCTIONS

3.1. Modulus of curve family. Let Γ be a family of curves in Rn. We denote by F (Γ) the set
of all non-negative Borel functions ρ : Rn → Rn ∪ {∞} such that

∫
γ
ρds ≥ 1 for every locally

rectifiable curves γ ∈ Γ. We define the modulus

M(Γ) = inf
ρ∈F (Γ)

∫
Rn
ρndm,

where m stands for the n-dimensional Lebesgue measure.
For sets E,F ⊂ G, and G ⊂ Rn, we denote by ∆(E,F ;G) the curve family of all curves

joining the sets E and F in G, and let ∆(E,F ) = ∆(E,F ;Rn). The capacity of a ring R(E,F )
is capR(E,F ) =M(∆(E,F )), where M is modulus of family of curves ∆(E,F ).

3.2. Conformal invariants. Let G be a proper subdomain of Rn. For x, y ∈ G with x 6= y we
define

λG(x, y) = inf
Cx,Cy

M(∆(Cx, Cy;G)),

where Cz = γz[0, 1] and γz : [0, 1) → G is a curve such that γz(0) = z and γz(t) → ∂G when
t→ 1, z = x, y.

If G is a proper subdomain of Rn. Then for x, y ∈ G, we define

µG(x, y) = inf
Cxy

M(∆(Cxy, ∂G;G),

where the infimum is taken over all continua Cxy such that Cxy = γ[0, 1] and γ is a curve with
γ(0) = x and γ(1) = y.

Conformal invariant λG was introduced by Ferrand [25]. Teichmüller studied λG for n = 2
and G = R2 \ {0}, while µG was studied by Grötzsch for n = 2 and G = B2, see [1]. It was
remarked in [3, p.320] that λ1/(1−n)G and µG are metrics.

For all x, y ∈ D with x 6= y and d ∈ {Hn,Bn}, the following relations hold true [14]

λD(x, y) = 2−nτn(cosh(ρD(x, y)/2)) ,
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µD(x, y) = τn(1/ tanh(ρD(x, y)/2)).

It was proved in [14] that metrics µH2 , µB2 and λ−1
B2 are not Hölder continuous with respect to

the hyperbolic metric.

3.3. Rings. A domainG in Rn is called a ring if Rn\G has two components. If the components
are C0 and C1 we write G = R(C0, C1). For s > 1, the complementary components of the
Grötzsch ring RG,n in Rn are Bn and [se1,∞]. For t > 0, the complementary components of the
Teichmüller ring RT,n in Rn are [−e1, 0] and [te1,∞].

The Grötzsch ring constant λn is defined by

log λn = lim
r→0+

(Mn(r) + log r),

where Mn(r) is the conformal modulus of the Grötzsch ring [3, p.167].
The capacities of TG,n and RG,n(s) are denoted by decreasing homeomorphism functions

τn : (0,∞) → (0,∞) and γn : (1,∞) → (0,∞), respectively, with the following formula [13,
p.121]

τn(s) =M(∆([−e1, 0], [se1,∞];Rn)), s > 0,

γn(s) =M(∆(Bn, [se1,∞];Rn), s > 1.

Moreover, the functions τn and γn satisfying the following functional identity

γn(t) = 2n−1τn(t
2 − 1), t > 1,

[24, Lemma 5.53].
Utilizing the capacities τn and γn of TG,n and RG,n(s), respectively, the following identities

were proved in [24, Thm 8.6],

µBn(x, y) = γn

(
1

tanh(ρ(x, y)/2)

)
,

λBn(x, y) =
τn
2

(
tanh2(ρ(x, y)/2)

)
for all x, y ∈ Bn.

3.4. Elliptic integrals. The plane Grötzsch ring can be mapped onto an annulus by an elliptic
function [5]

τ2(s) =
2π

µ(1/s)
, s > 1,

where

µ(r) =
π

2

K
√
1− r2

K(r)
, K(r) =

∫ 1

0

dt√
(1− t2)(1− r2t2)

.

The function K(r) is called a complete elliptic integral of the first kind. The function µ(r)
satisfies the following functional identities

µ(r) = 2µ

(
2
√
r

1 + r

)
, µ(r)µ

(
1− r

1 + r

)
=
π2

2
, µ(r)µ(

√
1− r2) =

π2

4
.

For 0 < r < 1, the function µ(r) is estimated as below [24, p.67]

log

(
1

r

)
< µ(r) < log

(
4

r

)
.
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3.5. Distortion function. For all K > 0 and n ≥ 2, the distortion function φK,n : [0, 1] → [0, 1]
is defined by

φK,n(r) =
1

γ−1
n (Kγn(1/t))

, 0 < t < 1,

φK,n(0) = 0 and φK,n(1) = 1.
For later use we fix the constants α and β as follows

α = K1/(1−n) = β, K ≥ 1 .

Lemma 3.1. For n ≥ 2, K ≥ 1, and r ∈ [0, 1], we have

(3.1)
{
φK,n(r) ≤ λ1−αn rα, φ1/K,n(r) ≥ λ1−βn rβ

and

(3.2)
{
λ1−αn ≤ 21−αK ≤ 21−1/KK, λ1−βn ≥ 21−βK−β ≥ 21−KK−K

see [24, Thm 7.47] and [3, Lem 875].

For n ≥ 2, t ∈ (0,∞), K > 0, we denote

ηK,n(t) = τ−1
n

(
1

K
τn(t)

)
=

1− φ1/K,n(1/
√
1 + t)2

φ1/K,n(1/
√
1 + t)2

.

For n ≥ 2, 1 ≤ K <∞, t ∈ [0,∞), let

η∗K,n(t) = sup{|f(x)| : |x| ≤ t, f ∈ QCK(Rn),
f(0) = 0, f(e1) = e1, f(∞) = ∞},

where QCK(Bn) denotes the set of all K-quasiconformal maps of Rn into itself. It is well know
that η∗K,2(t) = ηK,2(t), [17, p.80].

For n ≥ 2 and 0 < r < 1,

φ∗
K,n(r) =

{
sup{|f(x)| : |x| = r, f ∈ QCK(Bn), f(0) = 0} if 1 ≤ K <∞
inf{|f(x)| : |x| = r, f ∈ QC1/K(Bn), f(0) = 0} if 0 < K ≤ 1.

Lemma 3.2. For n ≥ 2, K ≥ 1, and alpha = K1/(1−n) = 1/β, 0 < r < 1, we have [3, 13(3)]

rα ≤ φ∗
K,n(r) ≤ φK,n(r) ≤

(
λn
2

)1−α

(1 + r′)1−αrα ≤ λ1−αn rα .

Lemma 3.3. In the following inequalities we have upper bounds for η∗K,n [3, Thm 14.6 & 14.8]. For
n ≥ 2 and K ≥ 1, we have

η∗K,n(t) ≤ η∗K,n(1)φ
∗
K,n(t), 0 ≤ t ≤ 1,

η∗K,n(t) ≤ η∗K,n(1)φ
∗
1/K,n(t), t ≥ 1,

η∗K,n(1) ≤ e4K(K+1)
√
K−1 .

3.6. Quasisymmetic function. Let η : [0,∞) → [0,∞) be a homeomorphism with η(0) = 0.
A homeomorphism between two metric spaces X and Y with distances denoted by |x − y| is
called η-quasisymmetric if

|f(x)− f(y)|
|f(x)− f(z)|

≤ η

(
|x− y|
|x− z|

)
for all distinct points x, y, z ∈ D with x 6= z (see [21]).
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The quasisymmetry can be extended to maps Rn by using absolute (cross) ratio

|f(a), f(b), f(c), f(d)| ≤ η(|a, b, c, d|)

for all distinct points a, b, c, d ∈ Rn. Mappings satisfying this condition are called quasi-möbius
mappings [23]. A K-quasiconformal mapping f : R2 → R2 is η∗K,2-quasisymmetric [3, Thm
9.42].

4. MORI’S THEOREM AND SCHWARZ LEMMA

In 1956, A. Mori [18] proved the following theorem.

Theorem 4.1. Let f : B2 → B2 be a K-quasiconformal mapping with f(0) = 0 and f(B2) = B2.
Then for all x, y ∈ B2

|f(x)− f(y)| ≤ 16|x− y|K .
The number 16 cannot be replace by an smaller absolute constant.

In [17, p.68], it was conjectured that the best constant on place of 16 is 161−1/K . In [3, Thm
15.4], it is proved that

|f(x)− f(y)| ≤ 641−1/K |x− y|K ,
where f is as in Theorem 4.1.

In 1997, Qiu [19] prove the best constant 461−1/K in place of 16. For n ≥ 2, Fehlmann and
Vuorinen [9] proved the following theorem.

Theorem 4.2. Let f : Bn → Bn be a K-quasiconformal mapping with f(0) = 0 and f(Bn) = Bn.
Then for all x, y ∈ Bn

|f(x)− f(y)| ≤M(n,K)|x− y|α , α = K1/(1−n),

where the constant M(n,K) has the following properties:
(1) M(n,K) → 1 as K → 1, uniformly in n,
(2) M(n,K) remains bounded for fixed K and varying n,
(3) M(n,K) ≤ 3λ2n for all K ≥ 1.

With the same assumption as in Theorem 4.2, Anderson and Vamanamurthy [2] proved that
M(n,K) ≤ 4λ

1(1−α)
n , where α = K1/(1−n), and λ ∈ [4, 2en−1) is the Grötzsch ring constant [24,

p.89].
In 2011, Bhayo and Vuorinen [6] proved that for n ≥ 2, K ≥ 1,

M(n,K) ≤ T (n, K) ≤ inf{h(t) : t ≥ 1},

where α = K1/(1−n) = 1/β. There exists a number K1 > 1 such that for all K ∈ (1,K1) the
function h has a minumum at a point t1 > 1 and

T (n,K) ≤ h(t1) =
31−α(β − α)α

2

αα
λα−α

2

n + λβ−1
n

(
3αλα−1

n

(β − α)α

)η−α
.

Moreover, for β ∈ (1, 2), we have

h(t1) = 3β−α21−αK5

(
3

2
4
√
β − α+ exp(β − 1)

)
.

In particular, h(t1) → 1 when K → 1. For K ∈ (1, 1.3044) and K > 8.9105 the bound T (n,K)
improves the bound M(n,K) given in [2].

A counterpart of Theorem 4.2 was given as follows with some restrictions.
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Theorem 4.3. For n ≥ 2, K ≥ 1, let f : Rn → Rn be a K-quasiconformal mapping with f(0) =
0, f(e1) = e1, and f(∞) = ∞. Then

|f(x)− f(y)| ≤ c(K)2|x− y|β

for all x ∈ Rn \ Bn, y ∈ Rn with 1 < |x| < |x− y|, and

|f(x)− f(y)| ≤ c(K)2|x− y|α

for all x ∈ Bn, y ∈ Rn with |x− y| < |x| < 1, where c(K) = 2K−1KKe4K(K+1)
√
K−1.

Theorem 4.4 ([24, 11.2]). Let f : Bn → Rn be a nonconstant K-quasiregular mapping [22] with
f(Bn) ⊂ Bn and α = K1/(1−n). Then for all x, y ∈ Bn

tanh

(
ρ(f(x), f(y))

2

)
≤ φK,n

(
tanh

ρ(x, y)

2

)
≤ λ1−αn

(
tanh

ρ(x, y)

2

)
.

If f(0) = 0, then for all x ∈ Bn

|f(x)| ≤ λ1−αn |x|α .

For the plane case n = 2, the quasiconformal version of the above theorem appears in [17,
p.65]. The following formula

ρ(f(x), f(x)) ≤ K(ρ(x, y) + log 4)

was proved in [8, Thm 5.1], where f is as in Theorem 4.4.
Under the same assumption as in Theorem 4.4, if f(0) = 0 then for all x ∈ Bn

φ1/K,n(|x|) ≤ |f(x)| ≤ φK,n(|x|),

[6, Lem 6.1].
For n ≥ 2, α = K1/(1−n), let f : Rn → Rn be a K-quasiconforma mapping fixing 0, e1, and

∞, then
|f(x)| ≤ Kλ2(1−α)n |x|α

for all x ∈ Rn \ {0} ,Bn with 0 < |x| ≤ (K − 1)/K.

Theorem 4.5 ([6]). Let f : B2 → R2 be a nonconstantK-quasiregular mapping [22] with f(B2) ⊂ B2,
then for all x, y ∈ B2

ρ(f(x), f(y)) ≤ c(K)max{ρ(x, y), ρ(x, y)1/K},
where c(K) = 2arctanh(φ(tanh(1/2))).

5. QUADRUPLES AND DISTORTION THEOREMS

Lemma 5.4 ([3, Thm 14.7]). For K ≥ 1 let f be a K-quaisconformal automorphism of the plane R2
.

Then
1

λ(K)
min{t1/K , tK} ≤ |f(a), f(b), f(c), f(d)| ≤ λ(K)max{t1/K , tK} ,

for each ordered quadruple of distinct points a, b, c, d in the plane, where t = |a, b, c, d|. Moreover the
inequalities are sharp for each K ≥ 1.

Lemma 5.5. For K ≥ 1 let f : R2 → R2
be K-quasiconformal. Then

|f(a), f(b), f(c), f(d)| ≤ eπK(K−1) max{t1/K , tK} ,

for each ordered quadruple of distinct points a, b, c, d ∈ R2.
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Lemma 5.6 ([3, Thm 14.8]). Let f : Rn → Rn be K-quasiconformal. Then
1

η∗K,n
(1/|a, b, c, d|) ≤ |f(a), f(b), f(c), f(d)| ≤ η∗K,n(|a, b, c, d|) ,

for each ordered quadruple of distinct points a, b, c, d ∈ Rn.

Theorem 5.6 ([3, Thm 15.20]). Let G ⊂ Rn and let f : G→ G′ ⊂ Rn be a K-quasiconformal. Then

q(f(x), f(y))q(∂G′) ≤ 128

(
|x− y|
d(x, ∂G)

)1/K

,

where q is a chordal metric.

Theorem 5.7. Let G ⊂ Rn , f : Rn → Rn be K-quasiconformal. Then

δfG(f(x), f(y)) ≤ c(K)βmax{δG(x, y), δG(x, y)α},

where c(K) = 2K−1KKe4(K+1)
√
K−1 and α = K1/(1−n) = 1/β.

Theorem 5.8 ([20]). Let f : Rn → Rn be a K-quasiconformal, G and fG are open sets of Rn with
card ∂G ≥ 2, then

δfG(f(x), f(y)) ≤ ηK,n(δG(x, y))

for all x, y ∈ G.

Theorem 5.9 ([20]). Let f : G → G′ be a K-quasiconformal mapping, where G and fG = G′ are
proper subsets of Rn, then

µG(x, y)

K
≤ µ′

G(f(x), f(y)) ≤ KµG(x, y)

for all x, y ∈ G. If card ∂G ≥ 2, then
λG(x, y)

K
≤ λ′G(f(x), f(y)) ≤ KλG(x, y)

for all x, y ∈ G.

Theorem 5.10. Let G ⊂ R2 and f : R2 → R2
be a K-quasiconformal mapping with f(∞) = ∞, then

j̃fG(f(z1), f(z2)) ≤ eπ(K−1/K)Kmax{j̃G(x, y), j̃G(x, y)}
for all z1, z2 ∈ G.

If G is a disk or half plane then ρG(z1, z2) ≤ j̃G(z1, z2), for all z1, z2 ∈ G ([11]).

Theorem 5.11 ([15]). Let G = Rn \ {0}, and f : Rn → Rn be a K-quasiconformal mapping with
f(0) = 0 and f(∞) = ∞, then

jfG(f(x), f(y)) ≤ a(K)max{jG(x, y), jG(x, y)}

for all x, y ∈ G, where α = K1/(1−n) = 1/β, a(K) = e60
√
K−1, and a(K) → 1 as K → 1.

The above theorem is refined as follows:

Theorem 5.12. Let G = Rn \ {0}, and f : Rn → Rn be a K-quasiconformal mapping with f(0) = 0
and f(∞) = ∞, then

jfG(f(x), f(y)) ≤ b(K)max{jG(x, y), jG(x, y)}

for all x, y ∈ G, where α = K1/(1−n) = 1/β, b(K) = 2K−1KKe(4K(K+1))
√
K−1, and a(K) → 1 as

K → 1.
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In [7] a two exponent variant of the function x 7→ |x|p−1x was defined for a, b > 0, x ∈ Rn ,

Aa,b(x) =

{
|x|a−1x if |x| < 1
|x|b−1x if |x| ≥ 1.

For a = b, the function Aa,b defines a quasiconformal mapping and it has been used in many
examples to illuminate various properties of these maps [22, p.49]. For instance, if a ∈ (0, 1)
the function Aa,b is Hölder-continuous at the origin.

The next theorem tells us how the hyperbolic distances from the origin are changed under
the radial selfmapping of the the unit disk, z 7→ |z|1/K−1z,K > 1, which is the restriction of
A1/K,1/K(z) to the unit disk, see [6].

Theorem 5.13. The following inequality holds for K ≥ 1, |z| < 1;

ρ(0,A1/K,K(z)) ≤ Kmax{ρ(0, |z|), ρ1/K(0, |z|)},

where ρ is the hyperbolic metric [24, p. 19].

Corollary 5.1 ([7]).
(1) Let D = Rn \ {0}, then we have

jD(A1/K,K(x),A1/K,K(y)) ≤ 21−1/K max{jD(x, y), j1/KD (x, y)}

for all K ≥ 1, x, y ∈ Bn ∩D.
(2) The following inequality holds for K ≥ 1:

||x|K−1x− |y|K−1y| ≤ eπ(K−1/K)|x|K−1/K max{|x− y|1/K , |x− y|K}

for all x, y ∈ C \ B2
.

(3) The following inequality holds for K ≥ 1 and for all x, y ∈ Rn \ Bn:

||x|β−1x− |y|β−1y| ≤ c(K)|x|β−αmax{|x− y|α, |x− y|β},

where c(K) = 2K−1KK exp(4K(K + 1)
√
K − 1) and α = K1/(1−n) = 1/β.

Corollary 5.2 ([7]). The following inequalities hold for K ≥ 1;

(5.3)
∣∣∣∣ x

|x|1+1/K
− y

|y|1+1/K

∣∣∣∣ ≤ 21−1/K |x− y|1/K

(|x||y|)1/K

for all x, y ∈ Rn \ Bn,

(5.4)
∣∣∣∣ x

|x|1+β
− y

|y|1+β

∣∣∣∣ ≤ c(K)

|x|β−α
max

{(
|x− y|
|x||y|

)α
,

(
|x− y|
|x||y|

)β}
for all x, y ∈ Bn,

(5.5)
∣∣∣∣ x

|x|1+K
− y

|y|1+K

∣∣∣∣ ≤ eπ(K−1/K)

|x|K−1/K
max

{(
|x− y|
|x||y|

)1/K

,

(
|x− y|
|x||y|

)K}
for all x, y ∈ B2.

The proofs of the theorems presented in this section are primarily based on the definition of
quasisymmetry (see 3.6) and Lemmas 3.1, 3.2, 3.3, 5.4, 5.5, 5.6. For details, the reader is referred
to [7, 6, 4, 20, 3].
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ABSTRACT. In the present paper, we introduce the notion of mappings contracting perimeters of triangles in per-
turbed metric spaces, which we call perturbed mappings contracting perimeters of triangles. We provide a fixed point
result for such mappings. We illustrate that our results are more general with some examples.
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1. INTRODUCTION AND PRELIMINARIES

Since Banach’s pioneering fixed-point result was introduced (see [1]), there has been a sus-
tained effort within the research community to derive more general results. There are two main
directions of research: one is to relax the contractive conditions (see, for example, [3, 4, 6, 10, 13,
15, 16, 19, 22, 20] and the references therein), another area of interest has been altering the topo-
logical structure in which fixed-point results are established (see, for instance, [5, 7, 11, 12, 21],
and the references therein).

In the present paper, we introduce the notion of mappings contracting perimeters of tri-
angles in perturbed metric spaces, which we call perturbed mappings contracting perimeters
of triangles. The new results combine the ideas of perturbed metric structures, recently pro-
posed by Jleli and Samet in [8], with mappings contracting perimeters of triangles introduced
by Petrov in [16].

We establish a fixed point theorem for such mappings in complete perturbed metric spaces,
showing that the existence of fixed points can be guaranteed under a suitable contractive con-
dition involving a three point condition. To highlight the applicability and generality of our
approach, we provide an example demonstrating that our fixed point result remains valid in
situations where classical contractive conditions fail. The framework proposed here opens new
directions for further exploration of fixed point theory in generalized and perturbed metric
spaces.

Recently, Jleli and Samet introduced a novel framework in [8], termed perturbed metric spaces,
which extends the traditional concept of a metric space as follows:
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Definition 1.1. Let D,P : X × X → [0,∞) be two given mappings. D is a perturbed metric on X
with respect to P if the function

d = D − P : X ×X → R, (x, y) 7→ D(x, y)− P (x, y)

is a metric on X . This means that for all x, y, z ∈ X , the following conditions hold:

(i) (D − P )(x, y) ≥ 0,
(ii) (D − P )(x, y) = 0 if and only if x = y,

(iii) (D − P )(x, y) = (D − P )(y, x),
(iv) (D − P )(x, y) ≤ (D − P )(x, z) + (D − P )(z, y).

We call P a perturbed mapping, d = D − P the exact metric, and (X,D,P ) a perturbed metric space.

Definition 1.2. Let (X,D,P ) be a perturbed metric space, {zn} a sequence in X , and T : X → X .

(i) We say that {zn} is a perturbed convergent sequence in (X,D,P ) if {zn} is convergent in the
metric space (X, d), where d = D − P is the exact metric.

(ii) We say that {zn} is a perturbed Cauchy sequence in (X,D,P ) if {zn} is a Cauchy sequence in
the metric space (X, d).

(iii) We say that (X,D,P ) is a complete perturbed metric space if (X, d) is a complete metric space,
or equivalently, if every perturbed Cauchy sequence in (X,D,P ) is a perturbed convergent
sequence in (X,D,P ).

(iv) We say that T is a perturbed continuous mapping if T is continuous with respect to the exact
metric d.

In [8], a generalization of Banach’s fixed point theorem is proved:

Theorem 1.1. Let (X,D,P ) be a complete perturbed metric space and T : X → X a given mapping.
Assume that the following conditions hold:

(i) T is a perturbed continuous mapping.
(ii) There exists λ ∈ (0, 1) such that

D(Tx, Ty) ≤ λD(x, y) for all x, y ∈ X.

Then, T admits a unique fixed point.

Very recently, Petrov introduced in [16] a new type of mappings called mappings contracting
perimeters of triangles, which are a three-point analogue of Banach contractions [1]:

Definition 1.3 (Petrov [16]). Let (X, d) be a metric space with |X| ≥ 3. We shall say that T : X → X
is a mapping contracting perimeters of triangles on X if there exists α ∈ [0, 1) such that the inequality

d(Tx, Ty) + d(Ty, Tz) + d(Tz, Tx) ≤ α[d(x, y) + d(y, z) + d(z, x)],

holds for all three pairwise distinct points x, y, z ∈ X .

Petrov proved in [16] a fixed point theorem for this kind of mapping:

Theorem 1.2 (Petrov [16]). Let (X, d), |X| ≥ 3 be a complete metric space and let T : X → X be a
mapping contracting perimeters of triangles on X . Then, T has a fixed point if and only if T does not
possess periodic points of prime period 2. The number of fixed points is at most 2.

The newly introduced mappings were further studied and extended in [2, 9, 14, 17, 18, 19,
15, 24].
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2. MAIN RESULTS

Definition 2.4. Let (X,D,P ) be a perturbed metric space with |X| ≥ 3. We shall say that T : X →
X is a perturbed mapping contracting perimeters of triangles if there exists λ ∈ [0, 1) such that the
inequality

(2.1) D(Tx, Ty) +D(Ty, Tz) +D(Tz, Tx) ≤ λ[D(x, y) +D(y, z) +D(z, x)],

holds for all three pairwise distinct points x, y, z ∈ X .

Theorem 2.3. Let (X,D,P ) be a complete perturbed metric space and T : X → X such that
(i) T (Tx) 6= x for all x ∈ X such that Tx 6= x.

(ii) T is a perturbed continuous mapping contracting perimeters of triangles.
Then, T has a fixed point. The number of fixed points is at most two.

Proof. Let x0 ∈ X , arbitrarily chosen, but fixed and the Picard iteration

xn+1 = Txn, ∀n ≥ 0.

We shall show that T has at least one fixed point. Suppose that xn is not a fixed point of the
mapping T for every n = 0, 1, . . . Then, we have xn = Txn−1 6= xn−1 and xn+1 = T (Txn−1) 6=
xn−1 for every n = 1, 2, . . . . Hence, by condition (i), xn−1, xn and xn+1 are pairwise distinct.

Let
dn = D(xn, xn+1) +D(xn+1, xn+2) +D(xn+2, xn).

Since xn−1, xn and xn+2 are pairwise distinct, by (2.1) we have

D(xn+1, xn+2)+D(xn+2, xn+3)+D(xn+3, xn+1) ≤ α[D(xn, xn+1)+D(xn+1, xn+2)+D(xn+2, xn)],

i.e.
dn+1 ≤ αdn,

and inductively we obtain
dn+1 ≤ αn+1d0.

It is clear that D(xn+1, xn+2) ≤ dn, so we obtain

D(xn+1, xn+2) ≤ dn ≤ αnd0.

Now, let d = D − P be the exact metric. Then, from the above inequity, we obtain that

d(xn, xn+1) + P (xn, xn+1) ≤ αnd0, ∀n ≥ 0.

Since d(xn, xn+1) ≤ d(xn, xn+1) + P (xn, xn+1), we get that

d(xn, xn+1) ≤ αnd0, ∀n ≥ 0.

Then,

d(xn, xn+p) ≤ αnd0 + αn+1d0 + · · ·+ αn+p−1d0

≤ αn

1− α
d0.

Since α ∈ [0, 1) we obtain that {xn} is a Cauchy sequence in the metric space (X, d), so {xn}
is a perturbed Cauchy sequence in (X,D,P ). Thus, by completeness of the perturbed metric
space (X,D,P ), there exists x∗ ∈ X such that

lim
n→∞

d(xn, x
∗) = 0.

To show that Tx∗ = x∗, since T is a perturbed continuous mapping, it follows that

lim
n→∞

d(Txn, Tx
∗) = 0,
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which implies
lim
n→∞

d(xn+1, Tx
∗) = 0.

Since d = D − P is a metric on X , by uniqueness of the limit we obtain x∗ = Tx∗, i.e. x∗ is a
fixed point of T .

Finally, if there exist at least three pairwise distinct fixed points x∗, y∗ and z∗, then Tx∗ = x∗,
Ty∗ = y∗ and Tz∗ = z∗, which contradicts (2.1). Therefore, the number of fixed points is at
most two.

□

Let us provide an example of perturbed mappings that contracting triangles.

Example 2.1. Let X = {0, 1, 2}, and define the mappings: Let X = {0, 1, 2}, and define:

d(x, y) =

{
1, if x 6= y,

0, if x = y,
P (x, y) =

{
0.1, if {x, y} = {1, 2},
0, otherwise.

Let D(x, y) = d(x, y) + P (x, y).
(X,D,P ) is a complete perturbed metric space since (X, d) is complete.
Define the mapping T : X → X by

T (0) = 0, T (1) = 0, T (2) = 2.

We have
D(T0, T1) +D(T1, T2) +D(T2, T0) = D(0, 0) +D(0, 2) +D(2, 0)

= 0 + 1.1 + 1.1 = 2.2,

D(0, 1) +D(1, 2) +D(2, 0) = 1 + 1.1 + 1 = 3.1.

Hence,
D(Tx, Ty) +D(Ty, Tz) +D(Tz, Tx) ≤ λ[D(x, y) +D(y, z) +D(z, x)]

with λ = 2.2
3.1 ≈ 0.71 < 1. Thus, T is a perturbed mapping contracting triangles.

However, T is not a Banach since

D(T0, T2) = D(0, 2) = 1.1 = D(0, 2).
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50 IULIU MANIU BLVD., BRAŞOV, ROMANIA
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ABSTRACT. This study investigates soliton propagation within the framework of nonlinear optics, specifically un-
der the influence of a detuning parameter modeled by the complex GinzburgLandau equation (CGLE). Employing the
φ6-model expansion method, we derive a diverse set of analytical solutions, including trigonometric, hyperbolic, and
rational function solutions. Notably, singular soliton solutions are obtained and shown to exhibit positive character-
istics. The analysis is conducted in the context of nonlinear optical fibers governed by a power-law nonlinearity. The
results contribute to a deeper understanding of the nonlinear dynamical behavior inherent in the CGLE and highlight
the effectiveness of the applied method as a robust and efficient tool for obtaining reliable solutions to a wide class of
nonlinear partial differential equations. To illustrate the physical features of the obtained solutions, several represen-
tative results are visualized through two-dimensional, three-dimensional, and contour plots.

Keywords: φ6-model expansion approach, the complex Ginzburg–Landau equation, traveling wave solution, power
law nonlinearity.
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1. INTRODUCTION

Optical solitons represent one of the most rapidly advancing areas of research in optoelec-
tronics and nanoelectronics. A growing body of literature regularly reports new findings on
this topic, reflecting its increasing significance. Various mathematical models have been devel-
oped to describe the propagation dynamics of solitons in optical fibers, including the nonlinear
Schrödinger equation, the Schrödinger-Hirota equation, the Sasa-Satsuma equation, the Man-
akov equation, the Biswas-Milovic equation, and several others. Among these, the Complex
GinzburgLandau Equation (CGLE) stands out as a particularly prominent model for capturing
soliton behavior. Over the past few decades, numerous analytical and numerical methods have
been devised to study the evolution of nonlinear systems across diverse physical domains-
from fluid dynamics to optical wave propagation [20, 24, 8, 9, 22, 12, 18, 10, 25, 13, 5, 26, 14].
Analytical solitary wave solutions play a crucial role in understanding and analyzing long-
distance signal transmission in optical communication systems, especially over transconti-
nental and trans-oceanic spans. Recent studies further underscore the importance of optical
solitons in various branches of photonics, particularly in nonlinear optics and spectroscopy
[23, 19, 21, 11, 6, 7].

In recent years, the Complex GinzburgLandau Equation (CGLE) with power-law nonlinear-
ity has attracted significant attention from researchers. Mirzazadeh et al. [4] employed the
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semi-inverse variational principle to derive certain trivial solutions to the equation. Arnous,
Ahmed H. et al. [2] applied the modified simple equation method to obtain bright and sin-
gular soliton solutions. Arshed [3] utilized the exp(-Φ(ξ))-expansion method and reported
several distinct types of soliton solutions. Mirzazadeh, Mohammad et al. [28] adopted multi-
ple integration schemes to extract a variety of soliton solutions, while Al-Ghafri [1] employed
the Weierstrass elliptic function approach along with hyperbolic function solutions to obtain
bright and singular solitons. In the present study, the CGLE with power-law nonlinearity is
investigated using the recently developed φ6-model expansion method [15, 17, 29, 27, 16]. This
approach enables the recovery of optical solitary wave solutions, further demonstrating the
methods effectiveness in handling complex nonlinear systems.

The paper is structured as follows. Section 2 outlines the mathematical formulation and
theoretical analysis of the model. In Section 3, we provide a detailed description of the φ6-
model expansion method, highlighting its methodology and underlying principles. Section
4 applies this approach to the complex GinzburgLandau Equation (CGLE) with power-law
nonlinearity, successfully deriving a variety of novel traveling wave solutions. The physical
characteristics of these solutions are visualized through three-dimensional and density plots,
and a brief discussion on the dynamical behavior of the obtained solitons is also presented.
Finally, Section 5 offers concluding remarks and highlights the broader implications of the
results.

2. MATHEMATICAL ANALYSIS OF THE MODEL

In this study, we adopt the dimensionless formulation of the (GCLE) as presented in [2, 27],
which serves as the basis for our subsequent analysis

(2.1) iqt + aqxx + bF (|q|2)q = 1

|q|2 q⋆

[
α |q|2 (|q|2)xx − β

{
(|q|2)x

}2
]
+ γq.

Here, q denotes a complex-valued function representing the wave profile observed in various
physical contexts, including nonlinear optics and plasma physics. The variable x corresponds
to the non-dimensional spatial coordinate along the fiber, and t denotes the dimensionless time.
The parameters a, b, α, β and γ are real-valued constants, where a and b are associated with the
Group Velocity Dispersion (GVD) and the nonlinear coefficient, respectively. The coefficients
α, β and γ arise from perturbative effects, particularly detuning.

In Eq. (2.1), F denotes a smooth, real-valued algebraic function, and the term F (|q|2)q is
assumed to be k-times continuously differentiable. These smoothness and differentiability re-
quirements ensure the well-posedness of the model and facilitate the application of analytical
techniques to obtain exact or approximate solutions, implying that

(2.2) F (|q|2)q ∈ ∪∞
n,m=1C

k
(
(−m,m)× (−n, n) ;R2

)
.

By setting up

(2.3) α = 2β.

Eq. (2.1) turns to

(2.4) iqt + aqxx + bF (|q|2)q = β

|q|2 q⋆

[
2 |q|2 (|q|2)xx −

{
(|q|2)x

}2
]
+ γq.

The solution of Eq. (2.1) proceeds via the standard decomposition into amplitude and phase
components

(2.5) q (x, t) = P (ψ)ei(−kx+wt+θ)
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and the wave variable ψ is expressed as

(2.6) ψ = λ (x− vt) .

Here, the function P characterizes the pulse shape, while v denotes the solitons velocity. In the
phase factor, k corresponds to the soliton frequency, ω to the soliton wave number, and θ to the
phase constant. Inserting the amplitudephase decomposition into Eq. (2.4) and separating the
result into real and imaginary parts yields the following pair of equations:

(2.7) −
(
ak2 + γ + ω

)
P + bF

(
P 2
)
P + λ2 (a− 4β)P

′′
= 0

and

(2.8) v = −2ka.

In the part 4 of this paper, Eq. (2.7) will be examined using power law of nonlinearity.

3. DESCRIPTION OF THE METHOD

Based on the work in [5, 15, 17, 29, 27, 16], the essential steps of the recently proposed φ6-
model expansion technique are given below:

Step-1: We consider the Nonlinear Evolution Equation (NLEE) given for q = q(x, t) below

(3.9) H(q, qx, qt, qxx, qxt, ...) = 0.

Here, H denotes a polynomial in q(x, t) and its highest-order partial derivatives, which also
includes the nonlinear components.

Step-2: Utilizing the wave transformation

(3.10) q(x, t) = q(ψ), ψ = x− vt.

Here, v represents the wave speed, allowing Eq. (3.9) to be rewritten as the following nonlinear
ordinary differential equation.

(3.11) Ω(q, q
′
, qq

′
, q

′′
, ...) = 0,

where primes denote derivatives with respect to ψ.
Step-3: Let us suppose that Eq. (3.11) admits a formal solution:

(3.12) q (ψ) =

2N∑
i=0

αiU
i(ψ),

where αi(i = 0, 1, 2, . . . , N) represent undetermined constants, N is determined via the balanc-
ing method, and U(ψ) is a solution of the auxiliary Nonlinear Ordinary Differential Equation
(NLODE);

U ′2(ψ) = h0 + h2U
2(ψ) + h4U

4(ψ) + h6U
6(ψ),(3.13)

U
′′
(ψ) = h2U(ψ) + 2h4U

3(ψ) + 3h6U
5(ψ),

here, the real constants hi( with i = 0, 2, 4, 6) will be identified in subsequent steps.
Step-4: The solution to Eq. (3.13) is commonly known to be;

(3.14) U(ψ) =
P (ψ)√

fP 2(ψ) + g
,

provided that 0 < fP 2(ψ) + g and P (ψ) is the Jacobi elliptic equation solution

(3.15) P ′2(ψ) = l0 + l2P
2(ψ) + l4P

4(ψ),
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here, the unknown constants li (with i = 0, 2, 4) are to be determined, while f and g are ex-
pressed as

f =
h4(l2 − h2)

(l2 − h2)2 + 3l0l4 − 2l2(l2 − h2)
,(3.16)

g =
3l0h4

(l2 − h2)2 + 3l0l4 − 2l2(l2 − h2)
,

under the restriction condition

(3.17) h24(l2 − h2)[9l0l4 − (l2 − h2)(2l2 + h2)] + 3h6[−l22 + h22 + 3l0l4]
2 = 0.

Step-5: As discussed in [5], the Jacobi elliptic function solutions of Eq. (3.15) are well-
established for values of ρ in the interval 0 < ρ < 1 . By substituting these solutions, along
with Eq. (3.14), into the solution ansatz given in Eq. (3.12), we obtain exact analytical solutions
to Eq. (3.9).

Function ρ→ 1 ρ→ 0 Function ρ→ 1 ρ→ 0
sn(ψ, ρ) tanh(ψ) sin(ψ) ds(ψ, ρ) csch(ψ) csc(ψ)
cn(ψ, ρ) sech(ψ) cos(ψ) sc(ψ, ρ) sinh(ψ) tan(ψ)
dn(ψ, ρ) sech(ψ) 1 sd(ψ, ρ) sinh(ψ) sin(ψ)
ns(ψ, ρ) coth(ψ) csc(ψ) nc(ψ, ρ) cosh(ψ) sec(ψ)
cs(ψ, ρ) csch(ψ) cot(ψ) cd(ψ, ρ) 1 cos(ψ)

TABLE 1. Jacobi elliptic functions

4. IMPLEMENTATION OF THE φ6-MODEL EXPANSION METHOD

Power-law nonlinearity arises naturally in a variety of physical systems and is particularly
prominent in materials such as semiconductors, doped glasses, and photorefractive media,
where the nonlinear response of the refractive index depends on the intensity of the optical
field in a non-quadratic manner. This type of nonlinearity is widely regarded as a natural
generalization of the well-known Kerr law (which corresponds to the case n = 1), offering a
more flexible and physically realistic framework for modeling nonlinear optical phenomena.
In this context, the nonlinear function takes the form F (u) = un, allowing for a broader range
of nonlinear behaviors depending on the value of the exponent n. Under this assumption, Eq.
(2.4) reduces to a generalized version of the Complex GinzburgLandau Equation (CGLE) that
accommodates higher or lowernorder nonlinearities, making it applicable to a wider class of
optical media beyond those governed by cubic nonlinearities. This generalization is not only
mathematically significant but also physically meaningful, as it enables the modeling of soli-
ton propagation in engineered materials where the nonlinear response deviates from standard
Kerr-type behavior [4, 2, 3, 28]. The parameter n thus plays a critical role in tuning the strength
and nature of the nonlinearity, influencing the existence, stability, and dynamical properties of
the resulting soliton solutions. In this case, Eq. (2.4) reduces to

(4.18) iqt + (b |q|2n)q + aqxx =
β

|q|2 q⋆

[
2 |q|2 (|q|2)xx −

{
(|q|2)x

}2
]
+ γq,

and Eq. (2.7) is transformed

(4.19) −
(
ak2 + γ + ω

)
P + bP 2n+1 + λ2 (a− 4β)P

′′
= 0.
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Here in Eq. (4.18) the parameter n dictates the power law nonlinearity. For stability issues, it is
necessary to have 0 < n < 2, and in particular n ̸= 2, to avoid self-focusing singularity.

Setting
P = p

1
n ,

Eq. (4.19) transform to

(4.20) −n2
(
ak2 + γ + ω

)
p2 + n2bp4 + λ2 (a− 4β)

[
(1− n)

(
p

′
)2

+ npp
′′
]
= 0.

In Eq. (4.20), we get N = 1 by balancing pp
′′

with P 4, we obtain the following by substituting
N = 1 in Eq. (3.12).

(4.21) P (ψ) = α0 + α1U(ψ) + α2U
2(ψ),

where α0, α1 and α2 are constants to be determined.
By substituting the solution ansatz given in Eq. (4.21) and the auxiliary ordinary differential

equation Eq. (3.13) into Eq. (4.19), and collecting terms of each power of U i(ψ), i = 0, 1, . . . , 8,
we obtain a system of algebraic equations by setting the coefficients of like powers to zero.

U0(ψ) : −n2
(
ak2 + γ + ω

)
α2
0 + bn2α4

0(4.22)

− λ2 (−1 + n) (a− 4β)h0α
2
1 + 2λ2n (a− 4β)h0α0α2 = 0,

U1(ψ) : −nα0α1

(
2n
(
ak2 + γ + ω

)
− λ2 (a− 4β)h2

)
+ 4bn2α3

0α1 − 2λ2α1 (−2 + n) (a− 4β)h0α2 = 0,

U2(ψ) : −
(
−λ2 (a− 4β)h2 + n2

(
ak2 + γ + ω − 6bα2

0

))
α2
1

− 2nα0

(
−2λ2 (a− 4β)h2 + n

(
ak2 + γ + ω − 2bα2

0

))
α2

− 2λ2 (−2 + n) (a− 4β)h0α
2
2 = 0,

U3(ψ) : α1

(
2λ2n (a− 4β)h4α0 + 4bn2α0α

2
1

)
+ α1α2

(
λ2 (4 + n) (a− 4β)h2 − 2n2

(
ak2 + γ + ω − 6bα2

0

))
= 0,

U4(ψ) : bn2α4
1 + 12bn2α0α

2
1α2 −

(
−4λ2 (a− 4β)h2 + n2

(
ak2 + γ + ω − 6bα2

0

))
α2
2

+ λ2 (a− 4β)h4
(
(1 + n)α2

1 + 6nα0α2

)
= 0,

U5(ψ) : 3λ2n (a− 4β)h6α0α1 + 4α1α2

(
λ2 (1 + n) (a− 4β)h4 + bn2

(
α2
1 + 3α0α2

))
= 0,

U6(ψ) : λ2 (a− 4β)h6
(
(1 + 2n)α2

1 + 8nα0α2

)
+ 2α2

2

[
λ2 (2 + n) (a− 4β)h4 + bn2

(
3α2

1 + 2α0α2

)]
= 0,

U7(ψ) : α1α2

[
λ2 (4 + 7n) (a− 4β)h6 + 4bn2α2

2

]
= 0,

U8(ψ) : 4λ2 (1 + n) (a− 4β)h6α
2
2 + bn2α4

2 = 0.

We get the following result after solving the resulting system:

α0 = 0, α1 =
λ
√
1 + n

√
(−a+ 4β)h4√
bn

, h2 =
n2
(
ak2 + γ + ω

)
λ2 (a− 4β)

,(4.23)

α2 = 0, h0 = 0, h4 = h4, h6 = 0.

In view of Eqs. (3.14), (4.21) and (4.23) along with the Jacobi elliptic functions in the above
table, we obtain the following exact solutions of Eq. (4.18)

1. If l0 = 1, l2 = −(1 + ρ2), l4 = ρ2, 0 < ρ < 1, then P (ψ) = sn(ψ, ρ) or P (ψ) = cd(ψ, ρ), and
we have
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(4.24) q
1,1

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sn(ψ, ρ)√
f (sn(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

or

(4.25) q
1,2

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 cd(ψ, ρ)√
f (cd(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

such that 0 < b, ψ = λ (x− vt) , and f and g in Eq. (3.16) are given by

f =
(1 + ρ2 + h2)h4
1− ρ2 + ρ4 − h22

,

g =
−3h4

1− ρ2 + ρ4 − h22
,

under the restriction condition

−h24
(
−1− ρ2 − h2

) (
−1 + 2ρ2 − h2

) (
−2 + ρ2 + h2

)
= 0.

If ρ→ 1, then the dark soliton is obtained

(4.26) q
1,3

(x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 tanh(ψ)√
h4(3−(2+h2) tanh2(ψ))

−1+h2
2

 1
n

ei(−kx+wt+θ).

Here in Eq. (4.26), the parameter n dictates the power law nonlinearity. For stability issues, it is
necessary to have 0 < n < 2, and in particular n ̸= 2, to avoid self-focusing singularity. Setting
n = 1, results in generelization of kerr law nonlinearity, the dark soliton is now obtained as

(4.27) q
1,3

(x, t) =
i
√
2λ

√
a− 4βei(−kx+θ+tw) tanh(λ(2akt+ x))√

b
,

such that
h24 (−2− h2)

[
(−1 + h2)

2
]
= 0.

Figure 1 illustrates the dark soliton solution q1,3(x, t) derived in Eq.(4.27) for the limiting
case ρ = 1, where the Jacobi elliptic function reduces to a tanh (x) profile. The modulus plot
(a) and contour plot (b) show the characteristic intensity dip that propagates on a continuous
background, confirming the presence of a moving dark soliton. The real and imaginary parts in
(c) exhibit a localized π-phase shift, which is a hallmark of dark solitons in defocusing media.
In the context of nonlinear fiber optics, such dark solitons arise in fibers exhibiting normal dis-
persion and self-defocusing nonlinearity, particularly in photonic crystal fibers or fiber Bragg
gratings. These solitons are valuable for optical switching, intensity dips for logic gates, and
phase-sensitive modulation schemes. Their robustness under power-law nonlinearity suggests
potential for advanced pulse shaping and energy channeling in nonlinear waveguides with
engineered refractive index profiles. These solutions are physically relevant to nonlinear op-
tical fibers with power-law refractive index profiles, where such localized dips may represent
energy voids in high-intensity beam propagation or be employed for pulse modulation and
switching.
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(A) |q1,3| (B) |q1,3|

(C) |q1,3|

FIGURE 1. The numerical simulations corresponding to |q1,3| given by Eq.
(4.27), for ρ = 1 ; (a) is the 3D graphic, (b) is the 2D-contour graphic while (c)
is the 3D graphic for k = 0.9, θ = 0.2, ω = 1.3, a = 0.5, b = 0.7, λ = 1.6, β = 0.5.

If ρ→ 0, then the periodic solution is obtained

(4.28) q1,4 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sin(ψ)√
h4(3−(1+h2) sin2(ψ))

−1+h2
2

 1
n

ei(−kx+wt+θ),

such that

h24 (−1− h2) [(−2 + h2) (1 + h2)] = 0.

Figure 2 numerically validates the periodic solution q1,4(x, t) Eq. (4.28) for ρ = 0, where
the Jacobi elliptic function reduces to a sinusoidal profile. The 3D plot (a) and contour (b)
demonstrate coherent wave propagation with velocity v = −1, while the amplitude modula-
tion reflects the nonlinear constraint h2 = 2. Such periodic states are observable in dispersion-
managed fibers under pump-driven nonlinearities, offering potential for frequency comb gen-
eration or all-optical signal processing. The parameter sensitivity in (c) emphasizes the need
for precise control in experimental realizations.
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(A) |q1,4| (B) |q1,4|

(C) |q1,4|

FIGURE 2. The numerical simulations corresponding to |q1,4| given by Eq.
(4.28), for ρ = 0 ; (a) is the 3D graphic, (b) is the 2D-contour graphic while
(c) is the 3D graphic for k = 1.8, θ = 2, ω = 0.2, v = −1, γ = −1.6, β = 0.8, a =
−0.4, n = 0.7, λ = −1.6, h4 = 2, c = 1.2, α1 = 1, h2 = 2.

2. If l0 = 1− ρ2, l2 = 2ρ2 − 1, l4 = −ρ2, 0 < ρ < 1, then P (ψ) = cn(ψ, ρ) therefore

(4.29) q
2
(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 cn(ψ, ρ)√
f (cn(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

where f and g are determined by

f = − (−1 + 2ρ2 − h2)h4
1− ρ2 + ρ4 − h22

,

g =
3
(
−1 + ρ2

)
h4

1− ρ2 + ρ4 − h22
,

under the constraint condition

h24
(
−1 + 2ρ2 − h2

) [(
−2 + ρ2 + h2

) (
1 + ρ2 + h2

)]
= 0.
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If ρ→ 1, then the bright soliton is retrieved

(4.30) q2,1 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sech(ψ)√
−h4sech2(ψ)

1+h2

 1
n

ei(−kx+wt+θ)

provided that
h24 (1− h2)

[
h22 + h2 − 2

]
= 0.

(A) |q2,1| (B) |q2,1|

(C) |q2,1|

FIGURE 3. The numerical simulations corresponding to |q2,1| given by Eq.
(4.30), for ρ = 1 ; (a) is the 3D graphic , (b) is the 2D-contour graphic while
(c) is the 3D graphic for k = 1.8, θ = 5, ω = 1.8, v = 1, γ = 1, β = 0.8, a = 1, n =
1.5, λ = 1.6, h4 = −2, c = 1.2, α1 = 1.078, h2 = −2.

Figure 3 numerically validates the bright soliton solution q2,1 Eq. (4.30) for ρ = 1, where the
Jacobi elliptic function reduces to sech(ψ) sech(ψ). The 3D plot (a) and contour (b) demonstrate
the solitons stable propagation, with the constraint h2 = −2 ensuring a physical amplitude.
Panel (c) reveals how parameter choices (e.g., h4 = −2) tune the pulse shape critical for design-
ing soliton-based fiber-optic systems. Such solutions are experimentally achievable in fibers
with anomalous dispersion (a < 4) and power levels balancing nonlinearity and dispersion.

If ρ→ 0, then the periodic solution is obtained

(4.31) q
2,2

(x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 cos(ψ)√
−h4(−3+(1+h2) cos2(ψ))

−1+h2
2

 1
n

ei(−kx+wt+θ),
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such that

h24 (−1− h2) [(−2 + h2) (1 + h2)] = 0.

(A) |q2,2| (B) |q2,2|

(C) |q2,2|

FIGURE 4. The numerical simulations corresponding to |q2,2| given by Eq.
(4.31), for ρ = 0 ; (a) is the 3D graphic, (b) is the 2D-contour graphic while
(c) is the 3D graphic for k = 1.8, θ = 5, ω = 2.2, v = −0.63, γ = 1, β = 0.8, a =
1, n = 1.32, λ = 0.8, h4 = 2, c = 1.2, α1 = 1, h2 = 2.

Figure 4 numerically validates the periodic solution q2,2 Eq. (4.31) for ρ = 0, where the
profile reduces to a cos(ψ) wave. The 3D plot (a) and contour (b) demonstrate coherent prop-
agation with velocity v = −0.63, while the amplitude modulation in (c) reflects the nonlinear
constraint h2 = 2. Such solutions model stimulated Brillouin scattering in fibers or optical
lattice vibrations in waveguide arrays, with nodes/antinodes tunable via h4 and λ.

3. If l0 = ρ2 − 1, l2 = 2− ρ2, l4 = −1, 0 < ρ < 1, then P (ψ) = dn(ψ, ρ) which gives

(4.32) q
3
(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 dn(ψ, ρ)√
f (dn(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),
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where f and g are determined by

f =
(−2 + ρ2 + h2)h4
1− ρ2 + ρ4 − h22

,

g =
−3
(
−1 + ρ2

)
h4

1− ρ2 + ρ4 − h22
,

under the restriction condition

h24
(
2− ρ2 − h2

) [
−
(
−1 + 2ρ2 + h2

) (
1 + ρ2 + h2

)]
= 0.

If ρ→ 1, then the singular soliton solution is obtained

(4.33) q3,1 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sech(ψ)√
−h4sech2(ψ)

1+h2

 1
n

ei(−kx+wt+θ),

provided that
h24 (1− h2)

[
−2 + h2 + h22

]
= 0.

If ρ→ 0, then the rational solution is obtained

(4.34) q
3,2

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 1√
h4

1−h2

 1
n

ei(−kx+wt+θ),

such that
h24 (2− h2)

[
(1 + h2)

2
]
= 0.

4. If l0 = ρ2, l2 = −
(
1 + ρ2

)
, l4 = 1, 0 < ρ < 1, then P (ψ) = ns(ψ, ρ) or P (ψ) = dc(ψ, ρ) then

(4.35) q4,1 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 ns(ψ, ρ)√
f (ns(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

or

(4.36) q
4,2

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 dc(ψ, ρ)√
f (dc(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

where f and g are given by

f =
(1 + ρ2 + h2)h4
1− ρ2 + ρ4 − h22

,

g =
−3ρ2h4

1− ρ2 + ρ4 − h22
,

under the constraint condition

h24
(
−1− ρ2 − h2

) [
−
(
−1 + 2ρ2 − h2

) (
−2 + ρ2 + h2

)]
= 0.

If ρ→ 1, then the dark singular solution is obtained

(4.37) q4,3 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 coth(ψ)√
(−1+h2+(2+h2)csch2(ψ))h4

1−h2
2

 1
n

ei(−kx+wt+θ)
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such that

h24 (−2− h2)
[
(−1 + h2)

2
]
= 0.

If ρ→ 0, then the periodic solution is obtained

(4.38) q
4,4

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 csc(ψ)√
− csc2(ψ)h4

−1+h2

 1
n

ei(−kx+wt+θ),

such that
h24 (−1− h2) [(−2 + h2) (1 + h2)] = 0.

5. If l0 = −ρ2, l2 = 2ρ2 − 1, l4 = 1− ρ2, 0 < ρ < 1, then P (ψ) = nc(ψ, ρ) and we have

(4.39) q
5
(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 nc(ψ, ρ)√
f (nc(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

where f and g are given by

f =
−(−1 + 2ρ2 − h2)h4
1− ρ2 + ρ4 − h22

,

g =
3ρ2h4

1− ρ2 + ρ4 − h22
,

under the constraint condition

h24
(
−1 + 2ρ2 − h2

) [(
−2 + ρ2 + h2

) (
1 + ρ2 + h2

)]
= 0.

If ρ→ 1, then the solitary wave solution is obtained

(4.40) q
5,1

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 cosh(ψ)√
(−3+(1−h2) cosh2(ψ))h4

−1+h2
2

 1
n

ei(−kx+wt+θ),

such that
h24 (1− h2)

[
−2 + h2 + h22

]
= 0.

If ρ→ 0, then the periodic solution is obtained

(4.41) q5,2 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sec(ψ)√
−h4 sec2(ψ)

−1+h2

 1
n

ei(−kx+wt+θ),

such that
h24 (−1− h2) [(−2 + h2) (1 + h2)] = 0.

6. If l0 = −1, l2 = 2− ρ2, l4 = −
(
1− ρ2

)
, 0 < ρ < 1, then P (ψ) = nd(ψ, ρ) and we have

(4.42) q
6
(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 nd(ψ, ρ)√
f (nd(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),
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where f and g are given by

f =
(−2 + ρ2 + h2)h4
1− ρ2 + ρ4 − h22

,

g =
3h4

1− ρ2 + ρ4 − h22
,

under the constraint condition

h24
(
2− ρ2 − h2

) [
−
(
−1 + 2ρ2 − h2

) (
1 + ρ2 + h2

)]
= 0.

7. If l0 = 1, l2 = 2− ρ2, l4 = 1− ρ2, 0 < ρ < 1, then P (ψ) = sc(ψ, ρ), and we have

(4.43) q7 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sc(ψ, ρ)√
f (sc(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

where f and g are given by

f =
(−2 + ρ2 + h2)h4
1− ρ2 + ρ4 − h22

,

g =
−3h4

1− ρ2 + ρ4 − h22
,

under the constraint condition

h24
(
2− ρ2 − h2

) [
−
(
−1 + 2ρ2 − h2

) (
1 + ρ2 + h2

)]
= 0.

If ρ→ 1, then the singular soliton solution is obtained

(4.44) q
7,1

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sinh(ψ)√
(3+(1−h2) sinh2(ψ))h4

−1+h2
2

 1
n

ei(−kx+wt+θ),

such that

h24 (1− h2)
[
−2 + h2 + h22

]
= 0.

If ρ→ 0, then the periodic wave solution is obtained

(4.45) q
7,2

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 tan(ψ)√
(3−(−2+h2) tan2(ψ))h4

−1+h2
2

 1
n

ei(−kx+wt+θ),

such that

h24 (2− h2)
[
(1 + h2)

2
]
= 0.

8. If l0 = 1, l2 = 2ρ2 − 1, l4 = −ρ2
(
1− ρ2

)
, 0 < ρ < 1, then P (ψ) = sd(ψ, ρ) and we have

(4.46) q
8
(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sd(ψ, ρ)√
f (sd(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),
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where f and g are given by

f =
(−1 + 2ρ2 − h2)h4
1− ρ2 + ρ4 − h22

,

g =
−3h4

1− ρ2 + ρ4 − h22
,

under the constraint condition

h24
(
−1 + 2ρ2 − h2

) [(
−2 + ρ2 + h2

) (
1 + ρ2 + h2

)]
= 0.

9. If l0 = 1− ρ2, l2 = 2− ρ2, l4 = 1, 0 < ρ < 1, then P (ψ) = cs(ψ, ρ) and we have

(4.47) q
9
(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 cs(ψ, ρ)√
f (cs(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

where f and g are given by

f =
(−2 + ρ2 + h2)h4
1− ρ2 + ρ4 − h22

,

g =
3(−1 + ρ2)h4

1− ρ2 + ρ4 − h22
,

under the constraint condition

h24
(
2− ρ2 − h2

) [
−
(
−1 + 2ρ2 − h2

) (
1 + ρ2 + h2

)]
= 0.

If ρ→ 1, then the singular soliton solution is obtained

(4.48) q9,1 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 csch(ψ)√
−csch2(ψ)h4

1+h2

 1
n

ei(−kx+wt+θ),

such that

h24 (1− h2)
[
−2 + h2 + h22

]
= 0.

If ρ→ 0, then the periodic wave solution is obtained

(4.49) q
9,2

(x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 cot(ψ)√
(3+(2−h2) cot2(ψ))h4

−1+h2
2

 1
n

ei(−kx+wt+θ),

such that

h24 (2− h2)
[
(1 + h2)

2
]
= 0.

10. If l0 = −ρ2
(
1− ρ2

)
, l2 = 2ρ2 − 1, l4 = 1, 0 < ρ < 1, then P (ψ) = ds(ψ, ρ) and we have

(4.50) q
10
(x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 ds(ψ, ρ)√
f (ds(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),
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where f and g are given by

f =
−(−1 + 2ρ2 − h2)h4
1− ρ2 + ρ4 − h22

,

g =
−3ρ2(−1 + ρ2)h4
1− ρ2 + ρ4 − h22

,

under the constraint condition

h24
(
−1 + 2ρ2 − h2

) [(
−2 + ρ2 + h2

) (
1 + ρ2 + h2

)]
= 0.

11. If l0 = 1−ρ2
4 , l2 = 1+ρ2

2 , l4 = 1−ρ2
4 , 0 < ρ < 1, then P (ψ) = nc(ψ, ρ) ± sc(ψ, ρ) or

P (ψ) = cn(ψ,ρ)
1±sn(ψ,ρ) and we have

(4.51)

q
11,1

(x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 nc(ψ, ρ)± sc(ψ, ρ)√
f (nc(ψ, ρ)± sc(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

or

(4.52) q11,2 (x, t) =

λ
√
1 + n

√
(−a+ 4β)h4√
bn

 cn(ψ,ρ)
1±sn(ψ,ρ)√

f
(

cn(ψ,ρ)
1±sn(ψ,ρ)

)2
+ g




1
n

ei(−kx+wt+θ),

where f and g are given by

f =
−8(1 + ρ2 − 2h2)h4
1 + 14ρ2 + ρ4 − 16h22

,

g =
12(−1 + ρ2)h4

1 + 14ρ2 + ρ4 − 16h22
,

under the constraint condition

h24

(
1

2

(
1 + ρ2 − 2h2

))[ 1

16
(1 + (−6 + ρ) ρ+ 4h2) (1 + ρ (6 + ρ) + 4h2)

]
= 0.

If ρ→ 1, then the combined singular soliton solution is obtained

(4.53) q11,3 (x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sinh(ψ) + cosh(ψ)√
−h4(sinh(ψ)+cosh(ψ))2

1+h2

 1
n

ei(−kx+wt+θ),

or

(4.54) q
11,4

(x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 cosh(ψ)− sinh(ψ)√
−h4(cosh(ψ)−sinh(ψ))2

1+h2

 1
n

ei(−kx+wt+θ),

such that

h24 (1− h2)
[
−2 + h2 + h22

]
= 0.
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If ρ→ 0, then the combined periodic wave solutions
(4.55)

q11,5 (x, t) =
1√
2

λ
√
1 + n

√
(−a+ 4β)h4√
bn

 sec(ψ) + tan(ψ)√
h4(−5+4h2+(1+4h2) sin(ψ))

(−1+sin(ψ))(−1+16h2
2)




1
n

ei(−kx+wt+θ),

or

(4.56) q
11,6

(x, t) =

λ
√
1 + n

√
(−a+ 4β)h4

2
√
bn

 cos(ψ)
1+sin(ψ)√

h4(5−4h2+(1+4h2) sin(ψ))

(1+sin(ψ))(−1+16h2
2)




1
n

ei(−kx+wt+θ),

are obtained, such that

h24

(
1

2
− h2

)[
1

16
(1 + 4h2)

2

]
= 0.

12. If l0 =
−(1−ρ2)

2

4 , l2 = 1+ρ2

2 , l4 = −1
4 , 0 < ρ < 1, then P (ψ) = ρcn(ψ, ρ)± dn(ψ, ρ) and we

have

(4.57)

q
12
(x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 ρcn(ψ, ρ)± dn(ψ, ρ)√
f (ρcn(ψ, ρ)± dn(ψ, ρ))

2
+ g

 1
n

ei(−kx+wt+θ),

where f and g are given by

f =
−8(1 + ρ2 − 2h2)h4
1 + 14ρ2 + ρ4 − 16h22

,

g =
12(−1 + ρ2)2h4

1 + 14ρ2 + ρ4 − 16h22
,

under the constraint condition

h24

(
1

2

(
1 + ρ2 − 2h2

))[ 1

16
(1 + (−6 + ρ) ρ+ 4h2) (1 + ρ (6 + ρ) + 4h2)

]
= 0.

If ρ→ 1, then the singular soliton solution is obtained

(4.58) q12,1 (x, t) =

λ√1 + n
√

(−a+ 4β)h4√
bn

 sech(ψ)√
−h4sech2(ψ)

1+h2

 1
n

ei(−kx+wt+θ)

such that
h24 (1− h2)

[
−2 + h2 + h22

]
= 0.

If ρ→ 0, then the periodic wave solution is obtained

(4.59) q
12,2

(x, t) =

λ√1 + n
√

(−a+ 4β)h4

2
√
bn

 cos(ψ)√
h4(−2+cos(2ψ)−4h2 cos2(ψ))

−1+16h2
2

 1
n

ei(−kx+wt+θ),



Propagation of solitons and nonlinear behavior in nonlinear power law fibers 89

such that

h24

(
1

2
− h2

)[
1

16
(1 + 4h2)

2

]
= 0.

13. If l0 = 1
4 , l2 = 1−2ρ2

2 , l4 = 1
4 , 0 < ρ < 1, then P (ψ) = sn(ψ,ρ)

1±cn(ψ,ρ) and we have

(4.60) q
13
(x, t) =

λ
√
1 + n

√
(−a+ 4β)h4√
bn

 sn(ψ,ρ)
1±cn(ψ,ρ)√

f
(

sn(ψ,ρ)
1±cn(ψ,ρ)

)2
+ g




1
n

ei(−kx+wt+θ),

where f and g are given by

f =
8(−1 + 2ρ2 + 2h2)h4

1− 16ρ2 + 16ρ4 − 16h22
,

g =
−12h4

1− 16ρ2 + 16ρ4 − 16h22
,

under the constraint condition

h24

(
1

2
− ρ2 − h2

)[
1

16
+ 2ρ2 − 2ρ4 +

(
1

2
− ρ2

)
h2 + h22

]
= 0.

If ρ→ 1, then the combined solitary solution is obtained

(4.61) q13,1 (x, t) =

λ
√
1 + n

√
(−a+ 4β)h4

2
√
bn

 tanh(ψ2 )√
h4(5+(1−4h2) cosh(ψ)+4h2)

(1+cosh(ψ))(−1+16h2
2)




1
n

ei(−kx+wt+θ),

such that

h24

(
−1

2
− h2

)[
1

16
(1− 4h2)

2

]
= 0.

If ρ→ 0, then the combined periodic wave solution is obtained

(4.62) q13,2 (x, t) =

λ
√
1 + n

√
(−a+ 4β)h4

2
√
bn


sin(ψ)

1+cos(ψ)√
h4

(
3+2(1−2h2)( sin(ψ)

1+cos(ψ) )
2
)

(−1+16h2
2)




1
n

ei(−kx+wt+θ),

such that

h24

(
1

2
− h2

)[
1

16
(1 + 4h2)

2

]
= 0.

Figures 5 and 6 showcase the remarkable duality of nonlinear wave solutions in the φ6-
CGLE system, spanning from singular solitons to periodic waves. Figure 5 captures the singu-
lar soliton q13,1 (ρ → 1), characterized by a sharp, kink-like intensity dip (panel a) and stable
propagation (panel b), arising from the interplay of anomalous dispersion (a = 1) and fo-
cusing nonlinearity (h4 = −0.82). This solution models Optical rogue waves or topological
defects, with its phase discontinuity offering potential applications in shock wave generation
and singular optics. In contrast, Figure 6 displays a periodic solution q13,2 (m → 0), where
trigonometric modulation (panel a) and coherent wavefronts (panel b) reflect parametric wave
mixing or Brillouin scattering in dispersion-managed systems. The transition from singular
Figure 5 to periodic Figure 6 states controlled by the elliptic modulus ρ highlights the system’s
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(A) |q13,1| (B) |q13,1|

(C) |q13,1|

FIGURE 5. The numerical simulations corresponding to |q13,1| given by Eq.
(4.61), for ρ = 1 ; (a) is the 3D graphic, (b) is the 2D-contour graphic while (c)
is the 3D graphic for k = 1.8, θ = 5, ω = 0.2, v = −1, γ = 1, β = 0.8, a = 1, n =
1.3, λ = 0.6, h4 = −0.82, c = 1.2, α1 = 1, h2 = 1.

versatility, with h2 and h4 tuning amplitude and stability. Together, these figures demonstrate
the φ6-CGLE capacity to support diverse wave phenomena, from localized singularities to ex-
tended periodic patterns, paving the way for advanced optical technologies in frequency comb
generation, soliton communication, and nonlinear signal processing. This concludes our anal-
ysis, underscoring the rich nonlinear dynamics achievable through parameter engineering in
higher-order wave systems.

14. If l0 = 1
4 , l2 = 1+ρ2

2 , l4 =
(1−ρ2)

2

4 , 0 < ρ < 1, then P (ψ) = sn(ψ,ρ)
cn(ψ,ρ)±dn(ψ,ρ) and we have

(4.63) q
14
(x, t) =

λ
√
1 + n

√
(−a+ 4β)h4√
bn

 sn(ψ,ρ)
cn(ψ,ρ)±dn(ψ,ρ)√

f
(

sn(ψ,ρ)
cn(ψ,ρ)±dn(ψ,ρ)

)2
+ g




1
n

ei(−kx+wt+θ),
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(A) |q13,2| (B) |q13,2|

(C) |q13,2|

FIGURE 6. The numerical simulations corresponding to |q13,2| given by Eq.
(4.62), for ρ = 0 ; (a) is the 3D graphic, (b) is the 2D-contour graphic while (c)
is the 3D graphic for k = 1.8, θ = 5, ω = 0.26, v = 1, γ = 1, β = 0.8, a = 1, n =
0.23, λ = 1.6, h4 = 0.8, c = 1.2, α1 = 1, h2 = −2.

where f and g are given by

f =
−8(1 + ρ2 − 2h2)h4
1 + 14ρ2 + ρ4 − 16h22

,

g =
−12h4

1 + 14ρ2 + ρ4 − 16h22
,

under the constraint condition

h24

(
1

2

(
1 + ρ2 − 2h2

))[ 1

16
(1 + (−6 + ρ) ρ+ 4h2) (1 + ρ (6 + ρ) + 4h2)

]
= 0.

If ρ→ 1, then the singular soliton solution is obtained

(4.64) q
14,1

(x, t) =

λ√1 + n
√
(−a+ 4β)h4√
bn

 sinh(ψ)√
h4(3+(1−h2) sinh2(ψ))

−1+h2
2

 1
n

ei(−kx+wt+θ),

such that
h24 (1− h2)

[
−2 + h2 + h22

]
= 0.
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If ρ→ 0, then the periodic wave is obtained

(4.65) q14,2 (x, t) =

λ
√
1 + n

√
(−a+ 4β)h4

2
√
bn

 sin(ψ)
1+cos(ψ)√

h4

(
3+2(1−2h2)( sin(ψ)

1+cos(ψ) )
2
)

−1+16h2
2




1
n

ei(−kx+wt+θ),

such that

h24

(
1

2
− h2

)[
1

16
(1 + 4h2)

2

]
= 0.

5. REMARKS

This study examines the Complex GinzburgLandau Equation (CGLE) for soliton propaga-
tion in nonlinear optics, accounting for the presence of a detuning factor. By applying the φ6-
model expansion method, explicit solutions for bright, dark, periodic, and darkbright solitons
are obtained, along with singular soliton solutions. The analysis is conducted within the frame-
work of power-law nonlinear fibers. The findings are expected to enhance understanding of
the nonlinear dynamical properties of the CGLE. The proposed method offers an efficient and
practical approach for deriving exact solutions to a broad class of nonlinear fractional partial
differential equations.

Figures 1–3 illustrate the temporal behavior of dark, bright, darkbright, periodic, and com-
bined periodic wave solutions, which are relevant to the transmission of energy between spa-
tial locations. Additionally, the study explores the physical interpretation of the parameters
involved in the classical wave transformation, described by Eqs. (2.1) and (2.2). The solutions
to Eqs. (4.26), (4.28), (4.30), (4.31), (4.61), and (4.62) describe traveling waves that incorporate
various mathematical constants, reflecting the internal dynamics of the wave under different
parameter values. It is observed that variations in these parameters lead to notable changes in
the traveling wave behavior. In particular, the discussion highlights how changes in the soliton
frequency k influence one of the key internal dynamics of the traveling wave.

6. CONCLUSION

In this study, we have investigated the propagation of optical solitons in nonlinear fibers
governed by the Complex GinzburgLandau Equation (CGLE) with power-law nonlinearity,
incorporating the physical effect of detuning. By employing the recently developed φ6model
expansion method, we have successfully derived a rich variety of exact traveling wave solu-
tions, including bright solitons, dark solitons, singular solitons, periodic waves, and several
hybrid structures such as darkbright and combined singular forms. The method demonstrated
remarkable efficiency and flexibility in handling the nonlinear structure of the CGLE, yielding
solutions expressed in terms of Jacobi elliptic functions, hyperbolic, trigonometric, rational,
and mixed functional forms. In the limiting cases where the modulus ρ → 1 or ρ → 0, these
general solutions reduce to well-known localized solitons or periodic wave patterns, confirm-
ing their physical consistency and dynamical relevance. In particular, the emergence of both
bright and dark solitons under appropriate parametric conditions highlights the model’s ability
to describe diverse nonlinear wave phenomena in optical media with power-law dependence.

From a physical standpoint, the derived solutions contribute meaningfully to the under-
standing of non-linear wave dynamics in optical fibers with power-law non-linearity, a general-
ization of the standard Kerr law that applies to a wide range of real-world materials, including
semiconductors and doped fibers. These findings have direct implications for modern optical
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communication technologies, including ultra-fast pulse transmission, all-optical switching, sig-
nal encoding, and the management of intensity dips and phase discontinuities in logic-based
photonic circuits.

In summary, this research not only advances the analytical treatment of the CGLE under
power-law nonlinearity but also opens new possibilities for engineering stable and control-
lable solitonic structures in nonlinear fiber optics. The interplay between nonlinearity, disper-
sion, and detuning, as captured by the model, reveals a rich landscape of wave behaviors that
can be tuned through parameter engineering. Future studies may extend this framework to
coupled systems, birefringent fibers, or fractional-order generalizations, further expanding its
applicability in both theoretical and applied photonics.
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ABSTRACT. In this paper, we present an overview of recent advances in the study of the approximation properties
of a family of semi-discrete sampling operators in several function spaces. We investigate their convergence properties
in the space of continuous functions, providing an approximation result in the uniform norm and both quantitative
and qualitative estimates. Here, we also establish a regularization result for functions in Lp-spaces. We then extend
the study to the broader framework of Orlicz spaces, which allows the treatment of functions that are not necessarily
continuous, as is often the case for real-world signals. In this setting, besides convergence, we also study the rate of
approximation in terms of the φ-modulus of continuity defined by the modular functional. This unified approach
yields approximation results in several particular cases, including Zygmund spaces, exponential-type spaces, and Lp-
spaces. In the last setting, we are also able to achieve a sharper rate of convergence.

Keywords: Orlicz spaces, Lp-approximation, modular convergence, Durrmeyer sampling operators, Lipschitz classes,
modulus of continuity.
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1. INTRODUCTION

We recall that Durrmeyer sampling operators, which are the focus of this overview, originate
from the classical Bernstein polynomials, which were introduced in the context of polynomial
approximation:

(Bnf)(x) :=
n∑
k=0

pn,k(x) f

(
k

n

)
, pn,k(x) =

(
n

k

)
xk(1− x)n−k, x ∈ [0, 1].

These polynomials provided, in 1912, a constructive proof of the Weierstrass approximation
theorem by algebraic polynomials in the space of continuous functions on [0, 1].

The Durrmeyer modification of Bernstein polynomials replaces the pointwise values f(k/n)
by an integral in which the same generating kernel of Bn appears:

(Dnf)(x) := (n+ 1)

n∑
k=0

pn,k(x)

∫ 1

0

pn,k(u)f(u) du, x ∈ [0, 1], n ∈ N,

see, e.g., [33, 32, 20, 22, 21]. The literature on Durrmeyer-type operators is wide and includes
several generalizations and variants, particularly concerning their approximation properties,
convergence behavior, and asymptotic formulae [35, 36, 34, 38, 2, 1, 19].
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In this paper, we focus on the application of the Durrmeyer method to the generalized sam-
pling series. As it is well-known, sampling-type operators were originally introduced to pro-
vide approximate versions of the celebrated Whittaker-Kotel’nikov-Shannon sampling theo-
rem (see, e.g., [59, 43, 53]), which represents a rigorous mathematical model in signal process-
ing. This theorem allows to reconstruct a continuous-time signal f(t) at any instant t on the real
line from a discrete set of sampled values f (k/w), k ∈ Z, w > 0, via an elegant interpolation
formula (see, e.g., [16]).

Applying the Durrmeyer method to these sampling series leads to semi-discrete operators
of the form

(1.1) (Dφ,ψ
w f)(x) :=

∑
k∈Z

φ(wx− k)w

∫
R
ψ(wu− k)f(u) du, x ∈ R, w > 0,

where φ and ψ are kernel functions satisfying standard moment conditions (see [11]). These
operators are commonly known as Durrmeyer sampling operators based on φ and ψ. In
this formulation, the pointwise evaluation of the function is replaced by a general convolu-
tion integral with the kernel ψ. Notice that ψ generates a Fejér-type approximate identity via
ψw(·) := wψ(w·), w > 0. In particular, the operators in (1.1) can be seen as a result of a double
convolution: A continuous convolution generated by ψ (called the continuous kernel) followed
by a discrete one generated by φ (called the discrete kernel). By virtue of their semi-discrete
nature, from (1.1) some important particular cases arise:

• If ψ := χ[0,1], the characteristic function of [0, 1], we obtain the Kantorovich sampling
operators [28, 48, 6, 29, 30, 3, 31]:

(Dφ,χ[0,1]
w f)(x) =

∑
k∈Z

φ(wx− k)w

∫ (k+1)/w

k/w

f(u) du =: (Kwf)(x), x ∈ R.

• If ψ := δ, the Dirac delta distribution, we recover the generalized sampling operators
[14, 15, 57, 58, 42, 7]:

(Dφ,δ
w f)(x) =

∑
k∈Z

φ(wx− k)f
( k
w

)
=: (Gwf)(x), x ∈ R.

Operators in the form (1.1) were introduced by Bardaro and Mantellini to provide asymp-
totic expansions and Voronovskaja-type formulae for regular functions [11, 10, 12]. In particu-
lar, under suitable moment-type conditions, for f ∈ Crloc(R), that is the space of r-times locally
continuously differentiable functions on R, the following local expansion holds:

(Dφ,ψ
w f)(x) =

r∑
j=0

f (j)(x)

j!wj

j∑
ν=0

(
j

ν

)
m̃j−ν(ψ)mν(φ) + o(w−r), as w → +∞, x ∈ R,

where m̃ν(·) and mν(·), ν ∈ N, denote the continuous and the discrete algebraic moments,
respectively (see, e.g., Section 2). Some years later, Costarelli, Piconi and Vinti studied the con-
vergence properties of (1.1) in more general function spaces, such as in C(R) and in the Orlicz
setting, also providing quantitative and qualitative results through suitable moduli of conti-
nuity [24, 25]; later, they also treated the multivariate case [23]. Several developments have
followed, including the nonlinear version of operators in (1.1) [56], their variational properties
[4], as well as extensions to weighted spaces [5] and to exponential variants of the operators
[8, 18, 41]. In addition, Costarelli et al. investigated the regularization properties of (1.1) us-
ing a distributional approach, where they also obtained the distributional Fourier transform
of the operators [26]. The same authors then studied higher-order approximation, proving di-
rect estimates in terms of higher-order moduli of smoothness in Lp-spaces, along with inverse
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approximation results [27]. More recently, Sharma and Gupta investigated the convergence
behavior of compositions of Durrmeyer sampling operators [54].

In this work, we provide an overview of some of the main results concerning the operators
(1.1). We discuss convergence properties, rates of convergence, and regularization, ranging
from continuous functions to the general Orlicz setting. In Section 2, we recall key tools such
as the algebraic and absolute moments of the kernels and moduli of continuity in C(R) and
Lp settings. Section 3 presents the main results. In the space of continuous functions (Section
3.1), we show pointwise and uniform convergence, providing quantitative estimates in terms
of the classical modulus of continuity, qualitative estimates for functions in suitable Lipschitz
classes, and a regularization result showing how the operators can regularize a general function
even when it is not necessarily continuous. Then, we consider the convergence properties of
the operators in the more general context of Orlicz spaces (Section 3.2), which generalize Lp-
spaces. Here, we provide a modular convergence theorem, from which convergence in several
functional spaces, such as Zygmund or exponential-type spaces, can be deduced. Moreover,
quantitative estimations are presented in terms of the modulus of continuity in Orlicz spaces,
using an integral decay condition on the kernels. A special attention is devoted to the Lp-case,
where sharper convergence rates can be achieved (Subsection 3.2.1).

The paper ends with final conclusions and some further developments.

2. BASIC NOTIONS AND PRELIMINARIES

We introduce the following notation.
For 1 ≤ p ≤ +∞, let Lp(R) denote the usual Lebesgue space of measurable functions f :

R → R, equipped with the norm

∥f∥p :=


(∫

R
|f(x)|p dx

)1/p

, 1 ≤ p < +∞,

ess supx∈R |f(x)|, p = +∞.

Moreover, we denote by C(R) the subspace of L∞(R) consisting of all bounded and uniformly
continuous functions, where ∥ · ∥∞ coincides with the usual sup-norm.

Now, let us consider two functions φ,ψ ∈ L1(R), with φ being bounded in a neighborhood
of the origin. We define the discrete and continuous algebraic moments of φ and ψ of order ν,
respectively, as follows:

mν(φ, u) :=
∑
k∈Z

φ(u− k)(k − u)ν , m̃ν(ψ) :=

∫
R
uνψ(u) du, u ∈ R, ν ∈ N0,

and the discrete and continuous absolute moments as

Mν(φ) := sup
u∈R

∑
k∈Z

∣∣φ(u− k)
∣∣ |u− k|ν , M̃ν(ψ) :=

∫
R
|u|ν |ψ(u)| du, ν > 0,

respectively. In particular, if the following basic condition holds

(2.2) m0(φ, u) = m̃0(ψ) = 1,

we call the functions φ and ψ as discrete and continuous kernel, respectively.
We observe that if µ, ν > 0 with µ ≤ ν, then Mν(φ) < +∞ implies Mµ(φ) < +∞, and

similarly M̃ν(ψ) < +∞ implies M̃µ(ψ) < +∞. In particular, if φ has compact support, then
Mν(φ) < +∞ for every ν ≥ 0.
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Moreover, throughout the present paper we always assume the natural moment-condition
that

M0(φ) < +∞.

A first immediate consequence of this is that the operators Dφ,ψ
w are well-defined for every

f ∈ L∞(R), and satisfy

(2.3) |(Dφ,ψ
w f)(x)| ≤M0(φ) ∥ψ∥1 ∥f∥∞, x ∈ R.

Therefore, the sampling Durrmeyer operators are bounded linear operators mapping L∞(R)
into itself.

By a concise way, we denote by Xp(R) := Lp(R) if 1 ≤ p < +∞ and by X∞(R) := C(R)
if p = +∞. We now recall the definition of the modulus of continuity in the space Xp(R),
1 ≤ p ≤ +∞. (see, e.g., [17]).

Definition 2.1. For f ∈ Xp(R), the modulus of continuity is defined by

ωp(f, δ) := sup
|h|≤δ

∥f(·+ h)− f(·)∥p, δ > 0.

It is well-known that for any f ∈ Xp(R) there holds ωp(f, δ) ≤ ωp(f, δ
′) for every 0 < δ ≤ δ′

and the following useful inequality holds

(2.4) ωp(f, λδ) ≤ (1 + λ)ωp(f, δ), λ, δ > 0.

In this case, we can define the Lipschitz class of order 0 < ν ≤ 1 in the space Xp(R) for
1 ≤ p ≤ +∞ as

(2.5) Lip(ν, p) :=
{
f ∈ Xp(R) : ∥f(·+ h)− f(·)∥p = O(hν) as h→ 0

}
,

or, equivalently, the space of functions in Xp(R) for which ωp(f, δ) = O(hν) as h→ 0.

3. MAIN RESULTS

In the following, we present some recent advances in the study of approximation properties
of Durrmeyer sampling operators, both in spaces of continuous functions and in the more
general framework of Orlicz spaces. We show convergence results, quantitative and qualitative
estimates for the rate of convergence, as well as regularization properties. A special focus is
devoted to the case of Lp-spaces.

3.1. Approximation and regularization in C(R). A first objective in the space C(R) is to study
convergence in the uniform norm. Then, we establish the order of approximation through
quantitative estimates based on the modulus of continuity introduced in Definition 2.1 for p =
+∞.

Lemma 3.1. Let φ be a discrete kernel satisfying Mν(φ) < +∞, for ν > 0. Then for every γ > 0,

lim
w→+∞

∑
|wx−k|>γw

|φ(wx− k)| = 0,

uniformly with respect to x ∈ R.

A proof of this lemma can be found, for instance, in [9]. Now, we are ready to claim the
following pointwise and uniform convergence theorem in C(R).
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Theorem 3.1 ([24]). Let f ∈ L∞(R) and φ be a discrete kernel satisfying Mν(φ) < +∞, for ν > 0.
Then, for every continuity point x of f , one has

lim
w→+∞

(Dφ,ψ
w f)(x) = f(x).

Moreover, if f ∈ C(R), it follows that

lim
w→+∞

∥Dφ,ψ
w f − f∥∞ = 0.

Proof. We only prove the second statement, since the first one can be established by similar
arguments. Fix ε > 0. By continuity of f , there exists δ > 0 such that |f(x) − f(y)| < ε
whenever |x− y| < δ.

For a fixed x ∈ R, using (2.2) we can write

|(Dφ,ψ
w f)(x)− f(x)| ≤

∑
k∈Z

|φ(wx− k)|w
∫
R
|ψ(wu− k)| |f(u)− f(x)| du

=


∑

|wx−k|≤ δ
2w

+
∑

|wx−k|>δ2w

 |φ(wx− k)|w
∫
R
|ψ(wu− k)| |f(u)− f(x)| du

=: I1 + I2.

For I1, we note that if both |wx − k| ≤ δ
2w and |wu − k| < δ

2w, then |u − x| < δ, hence
|f(u)− f(x)| < ε. Hence

I1,1 :=
∑

|wx−k|≤ δ
2w

|φ(wx− k)| w
∫
|wu−k|< δ

2w

|ψ(wu− k)| |f(u)− f(x)| du < εM0(φ) ∥ψ∥1,

where the estimate follows from the change of variable wu− k = y and the fact that ψ ∈ L1(R).
For the remaining part,

I1,2 :=
∑

|wx−k|≤ δ
2w

|φ(wx− k)| w
∫
|wu−k|> δ

2w

|ψ(wu− k)| |f(u)− f(x)| du

≤2∥f∥∞M0(φ)

∫
|y|≥ δ

2w

|ψ(y)| dy,

which tends to zero as w → ∞, since ψ ∈ L1(R). Thus, there exists w > 0 sufficiently large such
that I1,2 ≤ 2∥f∥∞M0(φ) ε.

For I2, a similar argument gives

I2 ≤ 2∥f∥∞∥ψ∥1
∑

|wx−k|>δ2w

|φ(wx− k)| < 2∥f∥∞∥ψ∥1 ε,

for w > 0 sufficiently large, as a consequence of Lemma 3.1.
Rearranging the estimates, we find

|(Dφ,ψ
w f)(x)− f(x)| ≲ ε,

for w > 0 sufficiently large. Since the bound is uniform in x ∈ R, the claim is proved. □

After establishing convergence, we now turn to the study of the rate of convergence in the
space C(R), through a quantitative analysis using the classical modulus of continuity in this
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setting, and subsequently deducing the qualitative order in suitable Lipschitz classes. This
analysis is summarized in the following result, whose proof is shown in [24].

Theorem 3.2 ([24]). Assume that φ and ψ satisfy M1(φ) + M̃1(ψ) < +∞, and let f ∈ C(R). Then,

∥Dφ,ψ
w f − f∥∞ ≤ Cφ,ψ ω∞(f, 1/w) , w > 0,

where
Cφ,ψ :=M0(φ)

(
M̃0(ψ) + M̃1(ψ)

)
+M1(φ)M̃0(ψ).

Moreover, if in addition f ∈ Lip(ν,+∞) with 0 < ν ≤ 1, then

∥Dφ,ψ
w f − f∥∞ ≤ C w−ν , w > 0,

where C > 0 is a suitable absolute constant depending only on φ, ψ and f .

As an example of discrete and continuous kernel satisfying the quantitative estimate, we
consider the Bochner–Riesz kernel of order θ > 0:

bθ(u) =
2θ√
2π

Γ(θ + 1)

|u|θ+1/2
Jθ+1/2(|u|), u ∈ R,

where Jλ denotes the Bessel function of order λ > 0 and Γ is the Euler gamma function (see
Figure 1c). It holds that bθ(u) = O(|u|−θ−1) as |u| → +∞, which implies bθ ∈ L1(R) and
Mν(bθ) < +∞ for every 0 ≤ ν < θ. Moreover, recalling that

b̂θ(v) =

{
(1− |v|2)θ, |v| ≤ 1,

0, |v| > 1,
v ∈ R,

we see that condition (2.2) is also fulfilled. This follows from the classical Poisson summation
formula (see, e.g., [17]), since b̂θ(k) = 1 for all k ∈ Z \ {0} and b̂θ(0) = 1. Finally, we note that
the finiteness of M1(bθ) holds assuming θ > 1.

Corollary 3.1. Let f ∈ C(R). For any θ > 0, there holds

lim
w→+∞

∥Dbθ,bθ
w f − f∥∞ = 0.

In particular, if θ > 1, then

∥Dbθ,bθ
w f − f∥∞ ≤ Cbθ ω∞(f, 1/w) , w > 0.

In this case, if in addition f ∈ Lip(ν,+∞) with 0 < ν ≤ 1, then

∥Dbθ,bθ
w f − f∥∞ ≤ C w−ν , w > 0,

where C > 0 is a suitable absolute constant depending only on bθ and f .

Once convergence and the corresponding rate have been established, we now turn our at-
tention to a regularization property. In fact, the following result shows that the smoothness of
the operators Dφ,ψ

w is strongly influenced by the regularity of the discrete kernel φ. In partic-
ular, if φ is continuous and f ∈ Lp(R) with 1 ≤ p ≤ +∞, then Dφ,ψ

w f is continuous for every
w > 0. Hence, even when starting from a function f that is not continuous, the resulting Dur-
rmeyer sampling operator yields a continuous function, meaning that these operators act as
regularizers.

Theorem 3.3 ([26]). Let f ∈ Lp(R), with 1 ≤ p ≤ +∞. If φ is continuous (resp. uniformly con-
tinuous) and bounded, then Dφ,ψ

w f is continuous (resp. uniformly continuous) and bounded for every
w > 0.
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Proof. Let 1 ≤ p < +∞ and fix w > 0. For m ∈ N+, define the truncated operators

dmw (x) :=
∑

|k|≤m

(
w

∫
R
ψ(wu− k)f(u) du

)
φ(wx− k), x ∈ R.

Then ∣∣(Dφ,ψ
w f)(x)− dmw (x)

∣∣ ≤ ∑
|k|>m

∣∣∣w ∫
R
ψ(wu− k)f(u) du

∣∣∣ |φ(wx− k)|.

Fix x ∈ R. By applying Jensen inequality, Fubini-Tonelli theorem, and using the boundedness
of φ, one obtains

∣∣(Dφ,ψ
w f)(x)− dmw (x)

∣∣ ≤ C w1/p∥f∥p

sup
u∈R

∑
|k|>m

|ψ(wu− k)|

1/p

,

for a suitable constant C depending only on φ and ψ. As m → +∞, the last term tends to
zero, since

∑
k∈Z |ψ(wu − k)| converges uniformly in u by the finiteness of M0(ψ). Hence,

dmw converges uniformly to Dφ,ψ
w f on R as m → +∞. Being the uniform limit of continuous

functions by virtue of the continuity of φ, the operator Dφ,ψ
w f is itself continuous.

Moreover, by similar estimates one shows that there is a suitable constant C ′ > 0 depending
only on φ and ψ such that

|(Dφ,ψ
w f)(x)| ≤ C ′w1/p∥f∥p, x ∈ R,

so that Dφ,ψ
w f is also bounded. Therefore, Dφ,ψ

w f is continuous and bounded on R for 1 ≤ p <
+∞.

For the case p = +∞, one proceeds analogously by considering the symmetric kernel ψ̌w(·) :=
wψ(−w·), leading to∣∣(Dφ,ψ

w f)(x)− dmw (x)
∣∣ ≤ ∥ψ̌w ∗ f∥∞ sup

x∈R

∑
|k|>m

|φ(wx− k)|,

where the remainder again vanishes as m → +∞, since M0(φ) < +∞. Here, by ∗ we denote
the usual convolution product. Moreover, by virtue of (2.3), we conclude that Dφ,ψ

w f is also
continuous and bounded in this case.

To prove uniform continuity, observe that if φ ∈ C(R), then each truncated operator dmw is
uniformly continuous on R, being a finite sum of uniformly continuous functions. Fix ε > 0.
Since dmw → Dφ,ψ

w f uniformly as m→ +∞, there exists m ∈ N+ such that∣∣Dφ,ψ
w f(x)− dmw (x)

∣∣ < ε
3 , x ∈ R.

Moreover, by uniform continuity of dmw , there exists δ > 0 such that |x−y| < δ implies |dmw (x)−
dmw (y)| < ε

3 . Hence, for |x− y| < δ,∣∣Dφ,ψ
w f(x)−Dφ,ψ

w f(y)
∣∣ ≤ ∣∣Dφ,ψ

w f(x)− dmw (x)
∣∣+ ∣∣dmw (x)− dmw (y)

∣∣+ ∣∣dmw (y)−Dφ,ψ
w f(y)

∣∣ < ε,

for m sufficiently large. Therefore, Dφ,ψ
w f is uniformly continuous. This completes the proof.

□

For further examples and additional results on regularization in the case of continuous ker-
nels, the reader may see [26].
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3.2. Approximation in Lη(R). Orlicz spaces originated in the 1930s as a natural extension of
Lebesgue spaces [46, 47]. They are a remarkable example of modular spaces, introduced to
generalize the notion of normed linear spaces. In what follows, we provide a brief overview of
the fundamental notions related to Orlicz spaces [45, 44, 50, 51, 13, 37].

Let (Ω, Σ, µ) be a measure space with a σ-finite, complete measure µ. Let η : R+
0 → R+

0

be a φ-function, i.e., a non-decreasing continuous function with η(0) = 0, η(u) > 0 for u > 0
and limu→+∞ η(u) = +∞. Denoting by L0(Ω,Σ, µ) = L0(Ω) the space of all real-valued, Σ-
measurable functions on Ω, finite µ-almost everywhere, with equality µ-a.e., the functional
Iη : L0(Ω) → R+

0 defined as

Iη[f ] :=

∫
Ω

η(|f(x)|) dµ(x), f ∈ L0(Ω),

is proved to be a modular (see, e.g., [13, 45]). Then, the Orlicz space generated by η is given by

Lη(Ω) :=
{
f ∈ L0(Ω) : Iη[λf ] < +∞, for some λ > 0

}
.

In cases where the modular Iη is convex (which holds when η itself is convex), we can define
the so-called Luxemburg norm as follows

∥f∥η := inf

{
u > 0 : Iη

[
f

u

]
≤ 1

}
.

In this case, the Orlicz space Lη(Ω) endowed with the norm ∥ · ∥η is a normed linear space (see
Theorem 1.1 (b) of [13]). It is also a Banach space (see Theorem 3.3.7 (b) of [37]).

A φ-function η is said to satisfy the ∆2-condition (in symbol, η ∈ ∆2) if there exists a constant
Cη > 0 such that

η(u) ≤ Cηη(u) for all u ≥ 0.

Norm convergence can be characterized in terms of the modular, as the following lemma
shows. This is often useful, since the exact value of the norm may be difficult to compute due
to its definition as an infimum.

Lemma 3.2. Let η be a convex φ-function. Then ∥fk∥η → 0 as k → +∞ if and only if

lim
k→+∞

Iη[λfk] = 0 for all λ > 0.

A weaker and natural notion of convergence in Lφ(Ω) is the modular convergence. More
precisely, a net of functions (fk)k>0 ⊂ Lη(Ω) is said to converge modularly to a function f ∈
Lη(Ω), denoted by fk

Iη−→ f , if

(3.6) lim
k→+∞

Iη[λ(fk − f)] = 0, for some λ > 0.

In some cases, modular convergence and norm convergence coincide.

Lemma 3.3. Let η be a convex φ-function such that η ∈ ∆2. Then modular convergence and norm
convergence are equivalent.

It is also possible to define the notion of modular continuity in Orlicz spaces (see, e.g., [40]).

Definition 3.2. Let η and ζ be a pair of φ-functions. A linear operator T : Lη(Ω) → Lζ(Ω) is said to

be modularly continuous if fk ∈ Lη(Ω), fk
Iη−→ f as k → +∞, implies T (fk)

Iζ−→ T (f) as k → +∞.

Orlicz spaces include a wide range of functional spaces with several applications in various
areas of pure and applied functional analysis, such as Fourier analysis, interpolation theory,
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partial differential equations, and distribution theory. A classical example of a φ-function satis-
fying the ∆2-condition is φ(u) = up, with u ≥ 0 and 1 ≤ p < +∞, in which caseLφ(Ω) = Lp(Ω),
corresponding to the classical Lebesgue spaces. Here, ∥ · ∥φ = ∥ · ∥p.

Other examples of Orlicz spaces are, for instance, the interpolation spaces Lα logβ L(Ω) (also
known as Zygmund spaces [60, 55]), which are useful from the applicative point of view. These
spaces are generated by the φ-function

ηα,β(u) := uα logβ(u+ e), α ≥ 1, β > 0, u ≥ 0.

The corresponding modular functional is defined as

Iηα,β [f ] :=

∫
Ω

|f(u)|α logβ(e+ |f(u)|) du, f ∈M(Ω).

It is well known that ηα,β ∈ ∆2.
On the other hand, for the so-called exponential type spaces [52, 39], i.e., the Orlicz spaces

generated by
ηγ(u) = eu

γ

− 1, γ > 0, u ≥ 0,

the ∆2-condition is not satisfied, and consequently, modular and norm convergence are not
equivalent. The related modular functional is given by

Iηγ [f ] :=

∫
Ω

(
e|f(u)|

γ

− 1
)
du, f ∈M(Ω).

We are now ready to present some approximation results for Durrmeyer sampling operators
in the general framework of the Orlicz space Lη(Ω), with Ω = R, µ the Lebesgue measure, and
Σ the σ-algebra of Lebesgue measurable subsets of R. This provides a unified treatment, in
this general context, for the study of the approximation properties of the class of operators
considered here.

We begin with the following theorem, which shows that the Durrmeyer sampling operators
are well defined on Lη(R). Moreover, a modular convergence result holds in general; if the
involved φ-function additionally satisfies the ∆2-condition, a norm convergence result is also
valid.

Theorem 3.4 ([24]). Let η be a convex φ-function and f ∈ Lη(R) be fixed. Moreover, let M0(ψ) <
+∞. Then the following statements hold:

(1) There exists λ > 0 such that

Iη
[
λDφ,ψ

w f
]
≤ M0(ψ)∥φ∥1

M0(φ)∥ψ∥1
Iη
[
λM0(φ) ∥ψ∥1 f

]
< +∞, w > 0.

In particular, the operators Dφ,ψ
w are well defined and belong to Lη(R) for every w > 0.

(2) There exists λ > 0 such that

lim
w→+∞

Iη
[
λ
(
Dφ,ψ
w f − f

)]
= 0.

(3) If η ∈ ∆2 then
lim

w→+∞
∥Dφ,ψ

w f − f∥η = 0.

For a proof, carried out through a unifying but technical direct modular estimate, the reader
may refer to [24]. A key point in proving convergence is that the translated function ∆fh =

f(·+ h)− f(·) converges modularly to 0, that is, ∆fh
Iη−→ 0 as h→ 0.
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As an immediate consequence of Theorem 3.4, the operators Dφ,ψ
w are also modularly con-

tinuous on Lη(R) for every fixed w > 0, according to Definition 3.2. Indeed, since there exists
λ∗ > 0 with Iη[λ∗(f − fk)] → 0 as k → +∞, choosing λ > 0 so that λM0(φ)∥ψ∥1 ≤ λ∗, we have

Iη
[
λ(Dφ,ψ

w f −Dφ,ψ
w fk)

]
≤ M0(ψ)∥φ∥1
M0(φ)∥ψ∥1

Iη
[
λ∗(f − fk)

]
→ 0, k → +∞.

As example of convergence of the operators in the Orlicz setting, we consider the Fejér kernel,
defined as

F(u) =
1

2
sinc2

(u
2

)
, u ∈ R,

where sinc(u) = sin(πu)/πu if u ∈ R \ {0} and 1 if u = 0 (see Figure 1a). The kernel is
bounded, non-negative on R, and belongs to L1(R). Moreover, condition (2.2) is satisfied,
being F̂(2kπ) = 0 for k ∈ Z \ {0} and F̂(0) = 1, where

F̂(v) =

{
1− | vπ |, |v| ≤ π,

0, |v| > π,
v ∈ R.

In particular, ∥F∥1 =M0(F) = 1. In this case, we obtain the following.

Corollary 3.2. Let η be a convex φ-function and f ∈ Lη(R) be fixed. Thus, there exists λ > 0 such
that

Iη
[
λDF,F

w f
]
≤ Iη

[
λ f
]
, w > 0.

In particular, there exists λ > 0 such that

lim
w→+∞

Iη
[
λ
(
DF,F
w f − f

)]
= 0.

Now, in order to study the rate of convergence, we need the following tool.

Definition 3.3. Let η be a φ-function. The map ωη : L0(R)× R+ → [0,+∞] defined by

ωη(f, δ) := sup
|h|≤δ

Iη[f(h+ ·)− f(·)],

for f ∈ L0(R), is called the η-modulus of continuity.

Lemma 3.4. Let η be a φ-function. Then for every function f ∈ L0(R) there exists λ > 0 such that

ωη(λf, δ) → 0 as δ → 0+.

For a proof, see Theorem 2.4 of [13].

As in the classical case, we now introduce the notion of Orlicz-Lipschitz classes defined in
terms of the modular functional Iη . Let T be the class of measurable functions τ : R → [0,+∞]
such that τ(t) > 0 for all t ̸= 0.

Definition 3.4. For a given τ ∈ T , we define the Orlicz-Lipschitz class as

Lip(τ, η) :=
{
f ∈ Lη(R) : ∃λ > 0 with Iη

[
λ
(
f(·+ h)− f(·)

)]
= O(τ(h)), h→ 0

}
,

where, for any two functions f, g ∈ Lη(R),

f(t) = O(g(t)), t→ 0

means that there exist a constant C > 0 and some δ > 0 such that |f(t)| ≤ C|g(t)| for |t| ≤ δ.



Semi-discrete sampling operators acting on function spaces 105

To obtain quantitative estimates in terms of the η-modulus of continuity, we require the
following further condition on the kernels.

For any 0 < α < 1, we say that a function ξ : R → R satisfies the integral decay condition
(α) if

(α) w

∫
|u|>1/wα

|ξ(wu)| du ≤ Kw−µ, as w → +∞,

for suitable constants K,µ > 0 depending on α and ξ.

We are now ready to state the main results about the rate of convergence of Durrmeyer
sampling operators in Orlicz spaces. From the quantitative estimate below, we directly deduce
the qualitative order of approximation, assuming f belongs to a suitable Orlicz-Lipschitz class.
In particular, we use the Lipschitz classes from Definition 3.4, with τ(h) = hν , 0 < ν ≤ 1. In
this case, we denote the resulting Lipschitz class simply by Lip(ν, η).

Theorem 3.5 ([25]). Let η be a convex φ-function and let f ∈ Lη(R). Moreover, let M0(ψ) < +∞.
Suppose 0 < α < 1 and that both kernels φ and ψ satisfy condition (α).

Then there exist constants K > 0 and µ > 0, depending on α, φ, ψ, such that

Iη
[
λ
(
Dφ,ψ
w f − f

)]
≤
(
M0(ψ)∥φ∥1 +M0(φ)∥ψ∥1

2M0(φ)∥ψ∥1

)
ωη
(
2λM0(φ)∥ψ∥1f, w−α)

+K

(
M0(φ) +M0(ψ)

2M0(φ)∥ψ∥1

)
Iη[4λM0(φ)∥ψ∥1f ]w−µ,

for λ > 0 and every sufficiently large w > 0. In particular, if λ > 0 is small enough, the inequality
implies the modular convergence of the Durrmeyer sampling operators Dφ,ψ

w f to f .
Moreover, if f ∈ Lip(ν, η) with 0 < ν ≤ 1, then there exist constants C, λ > 0 such that

Iη
[
λ
(
Dφ,ψ
w f − f

)]
≤ Cw−ρ,

for all sufficiently large w > 0, where ρ := min {αν, µ}.

Proof. Fix λ > 0. By convexity of η, we can write

Iη
[
λ
(
Dφ,ψ
w f − f

)]
≤ 1

2 (I1 + I2),

where

I1 :=

∫
R
η

(
2λ
∣∣∣(Dφ,ψ

w f)(x)−
∑
k∈Z

φ(wx− k)w

∫
R
ψ(wu− k)f

(
u+ x− k

w

)
du
∣∣∣) dx,

and

I2 :=

∫
R
η

(
2λ
∣∣∣∑
k∈Z

φ(wx− k)w

∫
R
ψ(wu− k)f

(
u+ x− k

w

)
du− f(x)

∣∣∣) dx.
For I1, using Jensen inequality twice, the change of variable y = x− k/w and Fubini-Tonelli

theorem, we obtain

I1 ≤ M0(ψ)

M0(φ)∥ψ∥1

∫
R
w|φ(wy)|

(∫
R
η(2λM0(φ)∥ψ∥1 |f(u+ y)− f(u)|) du

)
dy.

Let 0 < α < 1 of condition (α) be fixed. Splitting the integral into the intervals |y| ≤ 1/wα and
|y| > 1/wα, we obtain

I1 ≤ M0(ψ)∥φ∥1
M0(φ)∥ψ∥1

ωη
(
2λM0(φ)∥ψ∥1f, w−α)+ M0(ψ)

M0(φ)∥ψ∥1
Iη[4λM0(φ)∥ψ∥1f ]Kφw

−µφ ,
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thanks to the convexity of η, the translation invariance of

Iη[4λM0(φ)∥ψ∥1f(·)] = Iη[4λM0(φ)∥ψ∥1f(·+ y)]

for every y ∈ R and condition (α) for φ.
Let us now estimate I2. After the change of variable t = u− k

w , we obtain

I2 =

∫
R
η

(
2λ
∣∣∣∑
k∈Z

φ(wx− k)
∣∣∣ ∣∣∣ ∫

R
ψ(wt)

[
f(t+ x)− f(x)

]
dt
∣∣∣) dx.

Applying Jensen inequality and using (2.2), this gives

I2 ≤ w

∥ψ∥1

∫
R
|ψ(wt)| Iη[2λM0(φ)∥ψ∥1 |f(t+ ·)− f(·)|] dt.

Splitting the integral into |t| ≤ 1/wα and |t| > 1/wα, we get

I2 ≤ ωη
(
2λM0(φ)∥ψ∥1f, w−α)+ 1

∥ψ∥1
Iη[4λM0(φ)∥ψ∥1f ]Kψw

−µψ ,

since ψ also satisfies (α).
Combining the above two estimates, and setting

K := max{Kφ,Kψ}, µ := min{µφ, µψ},

we obtain the desired inequality.
The second part of the statement, namely the qualitative estimate, directly follows from the

above quantitative bound together with Definition 3.4. This concludes the proof. □

We highlight that condition (α) is satisfied by several examples of kernels, not necessarily
only those with compact support, for which it becomes trivially verified. For instance, in the
case of the Bochner Riesz kernel bθ, for any fixed 0 < α < 1, one can take K = M̃ν(bθ) and
µ = ν(1 − α) for every 0 ≤ ν < θ. This follows from the fact that bθ(u) = O(|u|−θ−1) as
|u| → +∞. Similarly, for the Fejér kernel F, one can show that K = M̃ν(F) and µ = ν(1 − α)
for every 0 ≤ ν < 1.

3.2.1. Sharp analysis in Lp-spaces. Herein, we focus on the particular case of Lp-spaces, where
we are able to get a sharper order of approximation with respect to the one obtained in the
Orlicz case.

As a consequence of Theorem 3.4, we obtain the following result regarding the well-definedness
and convergence properties of the Durrmeyer sampling operators in Lp-spaces.

Corollary 3.3 ([24]). Let M0(φ) < +∞. The following assertions hold:
(1) For every f ∈ Lp(R), with 1 ≤ p < +∞, we have

∥Dφ,ψ
w f∥p ≤M0(ψ)

1
pM0(φ)

p−1
p ∥φ∥

1
p
1 ∥ψ∥

p−1
p

1 ∥f∥p, w > 0.

In particular, Dφ,ψ
w f is well defined in Lp(R) and belongs to Lp(R) whenever f ∈ Lp(R).

(2) For every f ∈ Lp(R), with 1 ≤ p < +∞, we have

lim
w→+∞

∥Dφ,ψ
w f − f∥p = 0.

For a graphical representation, the reader can see Figures 1b and 1d.
Regarding the rate of convergence, in the case of Lp-spaces we are able to achieve a sharper

order compared with the one stated in the general Orlicz-space setting (Theorem 3.5).
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(A) Graph of the Fejér kernel. (B) Approximation of a discontinuous function
(black line) using Durrmeyer sampling oper-
ators generated by the Fejér kernel DF,F

w for
w = 10 (green line) and w = 30 (blue line).

(C) Graph of the Bochner-Riesz kernel of order
θ = 2.

(D) Approximation of the same discontinuous
function (black line) using Durrmeyer sam-
pling operators generated by the Bochner-Riesz
kernel (of order θ = 2) Db2,b2

w for w = 10 (green
line) and w = 30 (blue line).

FIGURE 1. Comparison between Fejér and Bochner-Riesz kernels and their
corresponding Durrmeyer approximations of a discontinuous function in
L1(R).

Corollary 3.4 ([25]). Let 1 ≤ p < +∞ and let φ,ψ be such that

M̃p(φ) + M̃p(ψ) < +∞.
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Then, for every f ∈ Lp(R), we have the quantitative estimate

∥Dφ,ψ
w f − f∥p ≤M0(φ) (2∥ψ∥1)

p−1
p

×

(M0(ψ)∥φ∥1 +
Mp(φ)

M0(φ)

)1
p
+ (∥ψ∥1 +Mp(ψ))

1
p

 ωp(f, w−1
)
,

for all sufficiently large w > 0.
Moreover, if f ∈ Lip(ν, p) with 0 < ν ≤ 1, then there exists a constant C > 0 such that

∥Dφ,ψ
w f − f∥p ≤M0(φ) (2∥ψ∥1)

p−1
p

(M0(ψ)∥φ∥1 +
Mp(φ)

M0(φ)

)1
p
+ (∥ψ∥1 +Mp(ψ))

1
p

Cw−ν ,

for every sufficiently large w > 0.

For a detailed proof, see [25]. The sharper quantitative estimates in Corollary 3.4 are ob-
tained using a more direct approach than in the general setting of Theorem 3.5. This is possible
thanks to the specific inequality, recalled in (2.4), satisfied by the Lp-modulus of smoothness
ωp, which does not hold in general in Orlicz spaces. As a result, the convergence rates in the
Lipschitz classes Lip(ν, p), introduced in (2.5) for 1 ≤ p < +∞, are improved.

CONCLUSIONS AND FUTURE DEVELOPMENTS

In this work, we have provided a general overview of some of the main approximation
results for semi-discrete Durrmeyer-type operators, considering the problem in different func-
tional settings. In the space of continuous functions, we established a theorem of pointwise and
uniform convergence, supported by both quantitative and qualitative estimates, together with
a regularization result in which the discrete kernel plays a crucial role. We then moved to the
framework of Orlicz spaces, where we proved convergence results and obtained quantitative
estimates through suitable moduli of continuity defined in terms of the modular. A particular
focus has been devoted to the case of Lp-spaces, where a sharper order of approximation can
be achieved.

The study of convergence, approximation order, and regularization by a distributional ap-
proach has opened new directions of research. In particular, we investigated quantitative es-
timates based on higher-order moduli of smoothness, which allow us to establish conditions
ensuring higher-order convergence in Lp-spaces, of order r > 1 for some integer r. We also
considered the delicate problem of inverse approximation, that is, deducing regularity prop-
erties of a function from the knowledge of the convergence rate of Durrmeyer operators in
Lp-spaces. By combining direct and inverse results, we obtained a full characterization of the
well-known generalized Lipschitz classes in the Lp-setting [27].

Finally, regarding the Orlicz framework, our research is moving towards the study of con-
vergence of operators in Sobolev-Orlicz spaces, which extend Sobolev spaces in the same way
that Orlicz spaces extend Lp-spaces [49]. In this context, we are investigating simultaneous
approximation results for the derivatives of the operators to the derivatives of the functions,
which represent a natural line of further developments.
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